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B>C�D4EGFHEJI8K>LNM�KPORQ,B>C@O>S�C0B8F>T,UNT�B8E,V0W>B>CYX:C@I8CNF>KPZR[�W8B>TG\
V@Q,B8EGF8V0QG[,C^]

_�` C�W8C0B>[^a�C�T^b,LNT,B>acD>BHE,V@F8adOeV0S�C0fRC0F>K8gh[^adZ>[,KP\
I8Kib,T^U@EGQGT^CjB8E,L0F>T^T,b,BHEGL0K8CRV@Q,B>MkD>QGMkB�l�DkT,Q,T,B>a�CmT,b^B8EJ\
L0Mkn�Q�U@EJI:EGD>QGK8D>Kj[^T�odV@C@IHC0F>F>T^g�]NpqI>ZqKPOqT^b,T,LNF8Esr>CNF>KPZ
E,V0QGB>T^F>T^S�atKHV@W>T,I8u,LNMvn�QwQJEGD8K>CxQGC0B8S�K8F>ayDPE,D(XH[^T,gP\
F>a�C^lvQ,B>K>WPI8CNQGa�lPU0B8MvW8W>a�lkb,T,U@E,QGa�C�B>CNU0MzI>Z>B>F8a�C�KhK>BP\
B>CNU0MzI>Z>B>F>a�C�V0DvT^WPI8CNF>KPZ�lGV@Q,C0F>a�lGV0[,C0BvOkV@DkT,WPIHC0F>KPZ�lzW>Mv\
V@Q,T,QGa�l#F>K>Q,K�l#Z>r>C0g8D>K�l)S�adI8u,F8a�CRW>MkLNa�B>K�l#U0Mkb,D8K�lH[^C@\
I8K>D8K>C�E,QGQGB8E,D>QGT^B>a�lkDvTvS�uGZ�l^DvT^F>{>CNF>QGB8E,{>K>K�lPE,VNV@T^{>K8EJ\
{>K>K|]0]0]~}�T,F>CNr>F>THlHDPE ` XHa�gw[,KkX(V@QGB>MkD>Q,MvB8a$LNE^VYI8M ` KP\
[^E,C0Q�T,QNXHC0I8u,F8T,U0T�K8VNVYI8C@XHT,[vEGF>K>Z�lJF>T�KPO4S�T ` F8T�QsE,D ` C
B8E^V0V0S�E,QGB>K>[vEGQGu�DPEGD4CzV@QGCzV@QG[^C0F>F8T,C�W>B>TsZ>[,I8C0F8K>C�TzXHF>T^g
U6I8T^b^EJIHu,F>T^g�UNT^V@W8TzX:V@QG[^Mkn�fjCNg�V@MkfjF>TvV@QGK|lRF8E,L0a�[vEGC@\
S�T,g���B8EGD>QJEGI8T^Sd]
��V@W>T,I8u,LNMGZ�V0E^S�T,W>TzXHT^b,F>MkntV0QGB>MkDP\
QGMkB>M^lHS�T ` F>TmT,W>KHV0EGQ,u4[^V@C�BHEGL0F8T,T,b^B8EGLNK>C�F>C0TzXHF8T,B>TzX8\
F>adO�B8E,V0W>B>CYX:C@I8CNF>K>g�U@EJI:EGD>QGK8D	V�W>T^S�T^fju,n�TzX:F>T,UNT
T^V0F>T,[^F>T,UNT�W8EGB8E^S�C0QGBHE�����B8EGD>QJEGI8u,F>T^gmB8EGLzS�C0B>F>TvV@QGK
� l�DkT,QGT^B>a�g	T,W>B>C@XHC@I8Z>C0Q�U6I8T,bvEJI8u^F>Mkn�LzEG[^K8V@K8S�TvV@QGu
S�E,VNV@a�T,QmB8EsX:K>M^VNEj[^TmodV0C@I8CNF>F>T,g|]

� XHF8E,DvT�F8EiQGTHl&r>QGT^b,a�[(DkT^S�DkT,[vEGQGTvS�B8E,V0W>B>C@XHC@\
I8CNF>K>K�U@EGIHEGD>Q,K>D�W>TiF>C0b^T^V0[,TzXHM�BHE,V@W8T,L0FHEGQGu�W>B>K>LNF8EJ\
D>K���B8E,D>QJEJI8u^F>T,g�V@QGB>MkD>Q,MvB8a�l8Mk�qI8T�S�F8T,U0Tm[^B>CNS�CNF>K�]
� n�b^T,W>a�Q,F>TeKiW>TGIHC0L0F8ThW>TvV0S�T^QGB>C0Q,u8l)DPEGD�KkXHC@ZiT�VNEJ\
S�T,W8TzXHT,b^K>K�l�LzEGB>TzXHK8[,�jKHV@ux[xXHB>CN[,F>K8C�[,B>CzS�C0F8E8l|W>B8C@\
[,BHEGQGKPI:E,V@u�[mW>C0B8[,a�C�W>B>T^QGT^��B8E,D>QJEJI8u^F>a�C�S�TzXHC@I8K|]
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· B>C@XH�jCzV@QG[^C0F>F>K8D>K���B8E,D>QJEJI8T^[wMkW>TvS�K>F8EJIHK8V@uiC0fRC�[
XHB>CN[,F>K>OhDkT^VNS�TGI8T^U0K>r>CzV@D>K>OeB8EGLzS�a��qI8CNF>KPZPO)]HocXHT^V0TG\
D>B8E,QGT,[vV@DkT,gh¸�B>CN{>K>Kx��KPI8T^V0T^��¹�F8EGDPV0E,U0T^BeK>L�}�IHE,L0TG\
S�C0FHE�º»T,DkT,I8T�¼G½^½¿¾�ÀvÁGÂÃUNUY]YXHT�F|] Ä^] Å@l0DkT,QGT^B>a�g�b,T,I8u,�RMkn
r8E^V@QGu ` K>LNF>K�W>B>CNW>TzX:EG[vEJI�[�¹���K>FHEJO)l0[^aÃXH[,K>F8MNIqV0[,T,n
QGCNT,B>K>n$Æ;LNE,B>TzXHa��RC0gkÇY]©È¿TsOPB8EGF>K>I8K8V@uxQGT,I8u,DkTxT,Q,B>a�[G\
D>K�C0U0TiQGCNDkV0QGT,[Hl�F>T�T,F>KÉV@T,L@X:EGn�Qw[^W>C0r8E,QzI8C0F>K8C,l�r>QGT
C0UNT�QGC0T^B>KPZRTvV@F>T^[,a�[vEJIHE^V@u�F8E�KkX:C@ZPO)lGF8E,W>T^S�K>FHEGn�fRKPO
V0E^S�T,W>TzX:T,b,K8Cjº�VNSd]Êl>FHEGW>B>KHS�C0B�l8Ë�Ì~ÍJÎÐÏÑVGl8ÁG½^½>Ò^lkÁ,½,½^Á^ÅY]ko
T,QzI8K8r>K>C�T,QxEGQGTvS�K8V@QGT^[8l)¹�FHEGDPV0E,U0T,B�V@r>K>QJEGI|l#r>QGT�S�EJ\
QGCNB>K>n�S�T ` F>T(XHB8T,b,K8QGuÓb^CNV@DkT^F>C0r>F8T8]d��L0[,CzV@QGF8a'C0U0T
VYIHT,[^E8ÔGÆ;oÃTm[^V0C@O�[,CNfREGOeCNV0QGumr8E,V0QGK>{8E�[^V0C0UNTJÇY]

Õ THl:r8QGT�ÖwEGFkXHC0I8u,b^B>T,Q4FHEGL0[vEJI�W>B8T,QGTv��B8EGD>QJEGI8T^Sdl
W>TsZ>[^KPI8T^V0uq[�×�Ø�ÙÚÙ;Ù¿[,C0DkC�[j[^KkXHC�K>C0B8E,BvOkK8ge[�B8EGb^T,QJEJO
È¿[,C@XHC0F8b,T,B8U@E>l�}�E,F>QJE(K � E,S�b^C0B>QJE8]¿Û�[,CYX#V@D>K>g�Mkr>C@\
F>a�g(K�S�K8V0QGK>DÉÜÃS�E,F>MkKPI�È¿[^CYXHCNF>b,T^B>U�ºÐÒ + Â,ÂG\~ÒJÝ,ÝGÁ^Å�[
[,T^L0B8E^V@QGC�ÁGÂ�IHC0Qjb^adIeF8E,L0F8Esr>CNF�r>B>CNL0[^a�r8EGg>F8a�S(E,V@CzVY\
V@T^B>T^ScÛ�[,C@X:V@DkT^gw¸kT,B>F8T,gwDkT,I>I8C0UNK>K�]#oÃCNV@uvS�E�WPIHTzXHTG\
[,K8QGa�gcS�a�VYI8K>Q,C@I8u(K�W>K8VNEGQGC0I8u8l�T,F�LNE,QGB>T,F8MNIcW>BHEGDP\
QGK>r8CNV@D8K�[vV@C�T,b,IHE,V0QGKeF8EsMkD>KxV@[^T,CNU0Tj[^B>CNS�CNF>K�]>o�ÒJÝJÞ,À
U0TzX:Mw[�V@[^T,CNgiD8F>K>U0C�ÆÐß&Ì~Ïáà8â@Ïáã>ÏÑäsÇhÈ¿[,CYX:C0F>b^T,B>Um[,aÃX:[,KP\
F>MzI�LNE^S�C0r8E,QGC@IHu,F>Mkn�QGT^r>D>MiL0B>CNF>KPZ(F8E�V0E^S�T,W>TzX:T,b,K8C
K�DvTvV0S�K>r8CNV@D8Mvn�K8C0B8E,B^OPK>nRlPDkT,QGT^B8EJZ�b,adIHE�V@[,Z>LNEGFHERV
C0UNTeT^b,fjKHS�Mvb^C ` XHCNF>K>CNSdl#r>Q,Th[vV@Cj[xS�K>B>C�W>TvV@QGB>T^C0F>T
W>T�CYXHK8F>T^S�M�WPI:EGF>M^]�È�IHCYXHMkn�fRK>Cm�RE,U0K�VÚX:C@IHEGI8K���S
\

S�EGF8MvK>Ie}�EGF>Q4ºÐÒJÝGÁGÀG\6ÒNÂ,½,ÀvÅ�K���T,U@EGF8F � E^S�b,C0B8Qmº;ÒsÝ,ÁGÂJ\
ÒsÝ^Ý,Ý,ÅmV@TÓV0[,T,KHS�KcK>C0B8E,BvOkK8r>CNV0D>K8S�KåV@KHV@QGCzS�E,S�K�]dæ�EJ\
W>B>KHS�C0B�lÃ}�EGF>QiW>K8VNEJIc[(V@[,T^C0gÉD>F>K>UNC,l¿DvT^QGT,BHEJZÓCzV@QGu
[(W>CNB>C0[^TzXHC�º�ç�ä,à^èzl�Ò * ¼,¼^ÅYÔ�é­ê ¶tëJìHízìkî�ïHðñ¯#ëJ¶&ð�ò,µ#ð@ó
ô ¶õëG°@ö6¯>³G÷@±m³Jø�ùmð@ú�÷0ë0û>öGìiîqìJ¯:°Jë�ìÉ÷@ì:÷@±mðÐî�ü�ìÓý,þ�ð
ïHðñ¯#ëG³Nû�ò>³G÷0±Rÿ��s±�°sú��Jð0÷@´^° ô ð@ò ô °sú�ïG¯:°�� ¯#ðN÷0÷0ì8ìxï8°0ö,ëJ°só
µPû#ð@± ô ³0î�°J÷@°0ö ô ³J±�ÿ��)´^³J´^ìHð�ïG¯#ðNíNïH°~µ:°zþ�ð ô ìkûqî�°zþ ô °
÷0ísðÐµ#³J±�ÿ�°	�HðÐµ:°~îR«�
R° ô �:³ ô ð�÷0ý,ùmð0÷@±mëJývð@±��)ðN÷@±�ÿ
�Jð~öGó
� ¯>³ ô ìHò ô ³0û . . .

�Jð~ö,í ô ³���«
Ö�C ` XHM�S�TzXHC0I>Z8S�K�}�EGF>QJExK � E^S�b,C0B8QsExb^adIHE�V@Mv\

fjCzV@QG[^C0F>FHEJZ�B8EGLNF>K>{8E8]�}�EGF>Q(K|l�[,T^LNS�T ` F>THl¿È¿[,CYX:C0FP\
b,T^B>UYl#W>B>C@X:V@QJEG[,I>ZPI8KiV@C0b^C,l#r>QGTxK>CNB8EGBvOPKPZwW8B>TzXHTGI ` EJ\
C0Q^V~Zjb,CzV@DkT,F>CNr>F>T�FHE�b,T,I8C0C¿[,a�V0T,D>K>C¿MkB>T,[^F>KqF>CNb,CNV0F>adO
V@KHV@QGCzSdÔ|Ä0Q,T�b,adIHE�b,CzV@DkT,F8C0r>F8EGZwK>CNB8EGBvOPKPZ�] � E^S�b,C0B8Q
XHMPS�EJI©lGr>QGT�W>TvVYI8Cdb^TGI8u^�jT,UNT�º�[�DPEsr>CNV0QG[,CÃW>B>K8S�CNB8E�T^F
W>B>K8[,TzXHKPI�{>KH��B>M�Òz½,½^½^ÅYl8F>T4DkT,F>CNr>F>T,UNT4r>K8V@IHE4�RE,U0T^[
K>CNB8EGBvOPKPZ T^b,B>a�[vEGC0Q^V~Z�] � F�W>TGI:EGU@EJI©l¿r>Q,TÉLN[,CNLYXHF>a�C
V@KHV@QGCzS�a�MNXHC0B ` K>[^E,n�Q,V~Zq[vS�CNV0QGC¿W8T^V@B8CYX:V0QG[,TvSxW>B>K>QzZP\
` CNF>KPZxQGCNS�F8T,g�S�E,VNV@a�Ô���� . . . [4DkT,F>{8C�DvT^F>{>T^[8lPS�a	W>TG\W8EJX:EGCzS�[m{>C0F8QGB8EJIHu,F>Mkn�QGT^r>D>M�[vV@C0gxS�K>B>T^[,T^g�V0QGB>MkDP\
QGMkB>a�l�K�L@XHCNV0uÉZ	FHEJO^T ` McQGM�T,DkT^F>r8EGQ,C@I8u^F>Mkn S�E^VY\
V@M^l�DvT^QGT,BHEJZÓW>BHEG[,K8Q�[vV@CNS$S�K>B>T,L@X:EGF8K>CNS©Ç(º��|ä������0ÌÚèNl
ÒsÝ + ÒsÅY]
p ` T^F�¸kCNB>�jC0I8u(ºÐÒJÝ * ÁJ\~ÒzÂvÝPÒzÅYl:DPEGDiK(S�F>T,UNK>C�XHB>Mv\
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L0[^C0L@X©]No�XHB>MkU0TvS�QGC0DPV@Q,C�T,F�W8B>K>[,TzX:K>Q�[�DPEsr>CNV0QG[,C�W8B>KP\
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�jK8CcB8E,VNV@QGTsZ>F>K>Z S�C ` X:M$L0[^C0L@X:E,S�K K MkQG[,CNB ` X:E,C0Qsl
r>QGThé ïJ¯#ì ô �8ì8ïmïH°sízòPì ô ð ôHô °sú#� ¯:ý^ï8ïHìJ¯:°JëJ´^ì6� W>B>K>F>KHS�EJ\
C0Q�é *:³~¯>³J´,±mð ¯iìwëG³sþ ô °J÷@±�ÿ�´,°J÷Ðîqì8ò>ð0÷0´,°��6°qöG³J´^° ô ³���«

ªv«­¬^«áªv«87�ý@¯ ô ÿvðjí:9 ;�µ:ÿ��mì<
�³~¯vµ5= ³~¯vµ:ÿ^ð

oÃF>T,[^uc[JXHTsOPF>MzI ` K>LNF>u [�KkXHC0n T,b�K>C0B8E,BvOkK8r>CNV0DvT^g
V@Q,B>MkD>QGMkB>C�odV@C0I8C0F8F>T,g�Ü&X:S�T,F?>jMkB>F>u^C¿X+@ ¹�I8u,b�º;ÒNÂ + ÂJ\
Ò * Þ,ÞvÅY]^o	Ò * ½kÝ�U0TzX:M�T^FeT^W>MkbGI8K>DkT^[^EJI�LzE,S�CNr8EGQGC0I8u,F8Mvn
D>F>K8U0M�Æ pj[vEdF>T,[^adO�S�K>B8EJÇ�º�A&�,Í>Ì~à>Ï��0ÌzlGÒ * ½vÝGÅ@l@[�DkT,Q,T,B>T^g
W>B>K8[,TzXHK>Q^V~Z�S�E,QGCNS�E,QGK>r>CzV@DkT,CjT,W>K8VNEGF>K8Cq[,T^LNS�T ` F>T,UNT
K>CNB8EGBvOPK>r>CzV@DkT,UNT�B8E^V@W>B8CYXHC0I8C0F>K>Z�LN[,C0L@X©],oÉS�K>B>C->jMkBP\
F>u^C�º»B>K8V,]ÊÒsÅdL0[^C0L@XHa B8E^V@W>B8CYXHC0I8C0F>a	K>CNB8EGBvOPK>r>CzV@D>KxW>T
V0��CNB>K>r>CzV@D>KHS�V@DkT,W>I8C0F>K>Z8S�[�b^CNV@DkT^F>C0r>F8T^SxW>B>TvV@QGBHEGFP\
V@Q,[,C,l)QJE,Dwr>QGT�S�E^V0V0Eh[,F8MvQ,B>K�DPE ` X:T,g�VN��C0B>a�B8E,V0QGC0Q
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�4�.�4�r�4¦4u&�6�§�4¦ t�v�¢
¥��z���0¨.t:m1�ruYs�s©�Yq��4��u&��}����

ρ(R)
¡���tIm!�4m�q:v1{ª�"v�}!¢

« ��v�¦�v%¬­pr��m�u.� « v�m���} s®}jt���}����z�¯�"v�} « ��v�¦�v°¬/±
}�q:m!�r��¡�v���m�q���u.�r±

ρ(R) → 0 ² ��� R → ∞ �

³)´Yµ&¶¸·�³)´)·�³)·�´)¹ f ·�º&»�¼&½�º&·�¾1¾	´.»4¿ f)ÀYg�À

M(R) ∝ R . Á i4Â
Ã ·�º)¾1Ä)º)·.Å�Æ!Ç�·"¿.¾�¼�»�¾!Ç
¾1¾[´)¾1È!É\·"·�Çr¼ f Ä)º)·�ÊË·�Ç g ·�·�Ç�Ì

º)·�Í�¾!º f µ�¶¸¾!Î�¿ À ¶Ï» g1g ·�Ê f ´&»4¿ f)À�g ·�¶ÑÐ5·r¿.º)·�´)·r¿.º)·�ÊÒÓg ¾!¼&¾!º)º&·�ÊFÅDÐ°É\·�Ç�·�´)·�Ê M(R) ∝ R3 hÓÔ »�É\·�Ð�»°Õ�ÖÓ¼.»f ¿.¾!µ�× À ´&º)½�¾Ø·�Ç�·Y¶ÓÅrÉ�»�É f È!Õ�¾�Î�»�Ç�½-ÉY· g ¶¸·�¼&·�Ù f Ä)¾ g É f�Ú
³&»�´&»4¿.·�É g ·�Ð.Å6³)·4µ)Ð�¼)µ)Û�Ü f�ÚYg µÝÐ�· ÒÓg ¾�¼&¾1º)º)·�Ê%Þ/½�Û-Ç�·�Ì
º&» h ß »�¼&½�º)¾!Ê&Í�¾!¾à´&»�È1Ð f Ç f ¾á¶¸·r¿�¾�¼ f ÉY· g ¶ f Ä&¾ g É\·�Êf ¾1´&»�´ Ú�f)f ³&´ f º&»�¿&¼&¾�Î f ÇâÍ�Ð�¾`¿ g É\·�¶ À » g Ç�´)·�º&·�¶ À
Ã »�´)¼ À	ã »�´)¼&½�¾ Á i1c�ä�åYÂ`h4æ º&· f È�¼.·4Î�¾!º&·[Ð g Ç4»�Ç�½�¾èç Ã »�É
¶¸·4Î�¾1Ç�Õ�Ö�Ç�½�³)· g Ç�´)·�¾!º<Õ�¾ g É\·�º)¾1Ä)º)Ö�Ê?¶ f ´\é ÁyêØë&ì�ízî�ïñð1í Åi1c�ä�åYÂ`hFò Æ!º)Ç À È f »�Èr¶¸·�¶ó³)´)·�Í�Ç À ¿ f ´)·�Ð�»�Ð?É)º f Ù À × À ´�Ì
º)½�¾�Å�·�ºj´&»�È!´&»�Õ�·�Ç4»�¼jÕ�·�¼&¾!¾"·�Õ�Ü À Û®¶¸·r¿.¾�¼.½ôÈ!Ð�¾!È�¿.º)Ö Ú
´&» g ³)´)¾�¿.¾�¼.¾!º f Ê6ÅUÉ\·�Ç�·�´)Ö�¾5Ç4»�É�Î�¾5´)¾1Í�»�Û�Ç(³&»�´&»4¿.·�É gæ ¼&½�Õ�¾!´ g » f È1»�Ù�»4¿.É À Õ�¾ g É\·�º&¾!Ä)º)·�Ù!·5Ù!´.»�Ð f Ç4»�¹ f ·�º)º)·�Ì
Ù!·�³)·�Ç�¾!º&¹ f »�¼�» Áöõ\ð!ð1îñï�÷�ð1í Å irå�cYø�Â`h

ã »�´�¼&½�¾8º&»�Í�¾�¼3É)´ f Ç�¾1´ f ÊFÅ�É\·�Ç�·�´)·Y¶ À ¿.·�¼)ÎËº&»
³)·r¿.Ä f º�µ)Ç�½ g µ f ¾!´&»�´ Ú�f µFÅrÄ)Ç�·�Õ�Ö(´&»�È!´)¾1Í f Ç�½�Æ!Ç f ³&»�´&»�Ì
¿.·�É g Ö h�e ¾!Í�»�Û-Ü f ¶Ýù
»�É)Ç�·�´)·�¶0µ)Ð�¼&µ)¾!Ç g µ#Ç�·.Å�É�»�É#Õ�ÖÓÌg Ç�´)· À ¶¸¾1º)½�Í�»�¾!Ç g µú³�¼&·�Ç�º)· g Ç�½<·�Çô·r¿�º)·�Ù1· À ´)·�Ð�º�µ Áûï ÂÉ5¿.´ À Ù1·�¶ À Áûïûü irÂ Å.»#Æ1Ç�·#Èr»�Ð f.g�f Ç#·�Ç#·�Ç�º)·�Í�¾!º f µ�´&»�È�Ì
¶¸¾!´&·�Ðj³)· g ¼&¾�¿.·�ÐY»�Ç�¾!¼&½�º&Ö Ú Æ�¼.¾1¶¸¾!º&Ç�·�Ð f Ä f&g ¼�» Ni+1Æ�¼.¾1¶¸¾!º&Ç�·�Ð�Õ�·�¼.¾!¾�º f È!É\·�Ù1· À ´)·�Ð�º�µFÅY·�Õ�´&»�È À Û-Ü f�Ú Æ!¼&¾�Ì
¶¸¾!º&Ç
Õ�·�¼.¾!¾ÓÐ�Ö g ·�É\·�Ù1· À ´)·�Ð�º�µ h�ýØg ¼ f ·�Õ�·�È1º&»4Ä f Ç�½-´&»�È�Ì
¶¸¾!´&Ö Á ´&»4¿ f)À�g Ö Â É�»�É Ri

f
Ri+1

Å!Ç�·[³&¾!´)Ð�Ö�Ê
É)´ f Ç�¾1´ f Ê
× À ´)º)½�¾
¶¸·4ÎËº)·�È1»�³ f&g »�Ç�½�É�»�É
Ri+1/Ri ≥ Ni+1, Áöþ Â

f ¼ f ´&»�È1¶¸¾1´%Æ!¼&¾1¶¸¾1º)Ç�»¤Õ�·�¼&¾!¾�Ð�Ö g ·�É\·�Ù!· À ´)·�Ð�º�µFÅÏ¿.¾�Ì
¼&¾1º)º)Ö�Ê<º&»�´.»�È1¶¸¾1´?Æ!¼&¾1¶¸¾1º)Ç�»�Õ�·�¼&¾1¾-º f È!É\·�Ù1· À ´)·�Ð�º�µFÅ
Õ�·�¼&½�Í�¾ f ¼ f ´&»�Ð�¾1ºúÄ f&g ¼ À Æ!¼&¾1¶¸¾1º)Ç�·�Ð5Õ�·�¼&¾1¾�º f È1É\·�Ù!·À ´)·�Ð�º�µFÅ4·�Õ�´&»�È À Û-Ü f�Ú Æ!¼&¾1¶¸¾1º)Ç-Õ�·�¼&¾1¾ØÐ�Ö g ·�ÉY·�Ù!· À ´&·�Ð�Ì
º�µ h Þ
»�³)´ f ¶¸¾1´FÅ f ¼)¼&Û g Ç�´&»�¹ f µ0× À ´&º)½�¾ À ¿.·�Ð�¼&¾1Ç�Ð�·�´�µ�Ì
¾!Ç
³&¾!´)Ð�·�¶ À É)´ f Ç�¾!´ f Û ã »�´�¼.½�¾ k Ð
º)¾!Ê Ni = Ni+1 ÿ ø Åf ·�Ç�º&·�Í�¾1º f ¾Ó´&»�È1¶¸¾!´&·�Ð/Ð g ¾!Ùz¿�»	´&»�Ð�º)·	³)´ f Õ�¼ f È f Ç�¾�¼.½�Ì
º)· d\h

Ò ´&»�Õ�·�Ç�¾ êØë&ì�ízîñï�ð!í�Á i1c þ�þ Â ³)· g ¼&¾�³&´ f ¶¸¾!Ä.»�º f µ õ\ð Ì
î�ð����úÁ i1c þ�þ Â Õ�ÖÓ¼�Ð�Ö�Ð�¾`¿.¾1ºôÐ�Ç�·�´)·�Ê?É&´ f Ç�¾1´ f Ê k
Ri+1/Ri ≥

√

Ni+1. Á�� ÂÒ Ç�¾!´.¶ f º&» Ú º&¾!³)´)¾1´)Ö�Ð�º&·�Ù!· g ·�·�Ç�º)·�Í�¾1º f µô¶Ï» g1g »��
´&»�¿ f)À�g ¿.¼)µ ·r¿ f º&»�ÉY·�Ð�Ö Ú Ä&» g Ç f ¹ ¶Ï» g!g ·�Ê m ³)¾1´�Ì
Ð�Ö�Ê É)´ f Ç�¾!´ f Ê g ·�·�Ç�Ð�¾!Ç g Ç�Ð À ¾!Ç ù/·�´&¶ À ¼&¾ M(R) =
mN(R) ∝ R1 h6Ò Ç�·�´&·�Ê�É)´ f Ç�¾1´ f Ê¤¾ g Ç�½ M(R) ∝ R2 Åf Æ!Ç�·�Ù!·<¿.· g Ç�»�Ç�·�Ä)º)·.ÅIÄ)Ç�·�Õ�Ö g ³)´&»�Ð f Ç�½ g µ g ³.»�´&»�¿.·�É�Ìg ·Y¶ æ ¼.½�Õ�¾1´ g » f Õ�¾ g É\·�º)¾!Ä)º&·�Ê g�f ¼&·�Ê�Ù!´&»�Ð f Ç�»�¹ f)fFh
�
gzÚ ·r¿�º)Ö�ÊÝÉ)´ f Ç�¾!´ f Ê × À ´)º&½�¾ Á f ³)¾!´&Ð�Ö�Ê%É)´ f Ç�¾1´ f Êã »�´�¼&½�¾ Â µ)Ð�¼)µ)¾1Ç g µóÕ�·�¼&¾1¾ g�f ¼&½�º)Ö[¶ À�g ¼&·�Ð f ¾1¶ÓÅDÄ)Ç�·
³)·�È!Ð�·�¼)µ)¾!Ç�·�Ù!´&»�º f Ä f Ç�½ËÙ!´&»�Ð f Ç�»�¹ f ·�º)º&Ö�Ê?³)·�Ç�¾!º&¹ f »�¼f�g É\·�´&· g Ç f È1Ð�¾!È�¿ h
	�
�	�
�
����������������������� ��!��"#��$&%(') ���*+�� �*+��$
, ·�Çrµ f ¾!´&»�´ Ú\f&f × À ´&º)½�¾ f ã »�´�¼&½�¾ôÕ�ÖÓ¼ f ÅèÉ\»�ÉÝº&»�¶
Ç�¾1³)¾!´)½ f È!Ð�¾ g Ç�º&·&Å g ¼ f Í�É\·�¶°³)´)· g Ç�Ö[¶ f ¿&¼&µ<´)¾r»�¼&½�º)·�Ì
Ù!·�¶ f ´&»&Å+Ð0º f�ÚÝg ·r¿.¾1´YÎ�»�¼ f&g ½�Èr»�´)·r¿.Ö�Í fÝg ·�Ð�´)¾r¶¸¾!º�Ì
º)·�Ê?É\·�º&¹)¾!³)¹ f)f ³)·r¿.¼ f º)º)·�Ù!·�ù/´&»�É&Ç4»�¼.» h\e ¾!Ù À ¼)µ)´)º)Ö�¾f ¾1´&»�´ Ú�f Ä)¾ g É f ¾#¶¸·r¿�¾�¼ f Á ³)· Ú ·4Î f ¾Ëº&»5´ f&g�h�irÂ Å g ·r¿�¾!´�Ì
Î�»�Ç/Ð�ÖD¿.¾!¼&¾!º)º&Ö�¾Ó¶Ï» g Í�Ç4»�Õ�Ö
Å g ·�·�Ç�Ð�¾!Ç g Ç�Ð À Û-Ü f ¾Ó´&»�È�Ì
¶¸¾!´.»�¶ g É\·�³)¼&¾!º f Ê�É�»�Î�¿�·�Ù!· À ´)·�Ð�º�µ
ç ï é h Þ
» g ¶¸¾1º À ´)¾�Ì
Ù À ¼)µ)´&º)Ö[¶ ¶¸·r¿�¾�¼)µ&¶ f ¾!´.»�´ Ú�f)f ³&´ f Í"¼ f¤g Ç�· Ú » g Ç f Ä)¾�Ìg É f ¾�ù/´.»�É)Ç�»�¼.Ö
ÅD·�Ù!´)·Y¶¸º)Ö[¶�³)´&¾ f ¶ À Ü�¾ g Ç�Ð�·�¶�É\·�Ç�·�Ì
´)Ö Ú µ)Ð�¼&µ)¾!Ç g µjÇ�·.Å.Ä&Ç�· f�Ú ¶¸·4ÎËº)· f&g ³)·�¼&½�È1·�ÐY»�Ç�½�¿&¼&µ
¶¸·r¿.¾!¼ f ´)·�Ð�»�º f µ�¶Ï» g Í�Ç4»�Õ�º)·�Ì f º)Ð�»�´ f »�º&Ç�º)·�Ù1· g É À Ä f Ì
Ð�»�º f µ"Ù�»�¼.»�É)Ç f ÉFÅrÇ h ¾ h�g Ç�´ À É)Ç À ´�Õ�¾!ÈØÐ�ÖD¿.¾!¼&¾!º)º&Ö Ú ¶Ï» g Ì
Í�Ç�»�Õ�·�Ð Á ´ f&g�h þ Â�h, ·�Ç1µ°ù/´.»�É)Ç�»�¼.½�º&»�µ0Ù!¾1·�¶¸¾1Ç�´ f µÝ³)·4µ)Ð f ¼.» g ½�Ð g ¾!Ù1·
º)¾ g É\·�¼&½�É\·Ý¿.¾ g µ)Ç f ¼&¾1Ç f Ê º.»�È1»�¿+Å[º)¾1É\·�Ç�·�´)Ö�¾¤¾!¾ÝÆ!¼&¾�Ì
¶¸¾!º&Ç�Ö ¶¸·4ÎËº)·Ñº&»�Ê&Ç f À Î�¾(Ð ´.»�Õ�·�Ç�» Ú.-/À »�º)É�»�´&¾ f
, » ÀYg ¿.·�´.ù
» g Ç�·�¼&¾!Ç�º)¾!Ê#¿�»�Ð�º)· g Ç fFh�/ ì)0#1�ð!î32)í54)�
Á i1c\d�ø�ÂÐ�Ð�¾�¼xÇ�¾!´.¶ f º©ç ù/´&»�É)Ç�»�¼&ÖDé f ¿�»�¼ g ¼&¾`¿ À Û-Ü�¾1¾ ¾!Ù!·
·�³&´)¾`¿.¾!¼&¾!º f ¾ k7698Ït)v�~���v!q;:¯�����°�"u&�r�'m1}���¡��r±?�`q�s
~��4��� t���oa�¤{�v�pY}!�r� t!<n�4¡�vjt)v1¥1�"m_t�u&��}!���%}���t���oa�Ý¦4�zq���¢
« m
���4�.�zq���oaw&|)m1}�~��>=�t)v1¥1�"m_t�u&��}!��w�?��
@ »�º�¿.¾�¼&½�Õ�´)·�Ç · g ·�È!º.»�¼6Å"Ä&Ç�·ªù/´&»�É)Ç�»�¼&½�º&»�µ Ù!¾1·�Ì

¶¸¾!Ç�´ f µ�µ)Ð�¼&µ)¾!Ç g µj¶¸·�Ü�º)Ö[¶ f º g Ç�´ À ¶¸¾!º)Ç�·�¶ ¿&¼)µj·�³ f Ìg »�º f µ g!f&g Ç�¾r¶ÓÅ f ´)´)¾1Ù À ¼)µ)´)º&Ö Ú ³)· g Ð�·�¾!Ê g!À Ç fFhA- ´ f Ì
´)·r¿�»°º&»�³&·�¼&º)¾1º&» g�f ¼&½�º)· f ´)´)¾1Ù À ¼)µ)´)º)Ö[¶ f g Ç�´ À É)Ç À Ì
´&»�¶ fFhÏß ¾1´)¾!Ð�½�µFÅÏ·�Õ�¼.»�É�»&ÅèÙ1·�´)Ö f ¶¸·�¼.º f)f�B È1º&»�É\·�Ì
¶¸Ö�¾	·�ÕDC6¾!É)Ç�Ö
Å\·�Õ�Ü f ¶ g Ð�·�Ê g Ç�Ð�·Y¶¤ÉY·�Ç�·�´&Ö Ú µ)Ð�¼)µ)¾1Ç g µ
Ç�·.Å�Ä)Ç�·"¾ g ¼ f ³)´)¾�¿ g Ç�»�Ð f Ç�½�¶Ï»�¼ À Û f)Ú Ä.» g Ç�½&Å�Ç�·�·�Õ�º&»�Ì
´ À Î f Ð�»�¾!Ç g µ g ¼&·4ÎËº)· g Ç�½&Å g ´&»�Ð�º f ¶Ï»�µ g · g ¼&·4ÎËº)· g Ç�½�Ûg Ç�´ À É)Ç À ´)Ö°Ð	¹)¾!¼&·�¶ h�E Ç�·/¾ g Ç�½	Ù!¾1·�¶¸¾!Ç�´ f Ä)¾ g É\·�¾ } v1�
�4¢
�&���r�4¦4w.m�h
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^Lª�¹�±D¯Y±~·V± ¼ ]YÐ�·#ÂLÈT^L¬)¸D]T¬)Â�­T¾�´Y±�¯Y©Y]T^L¶!¬D^�¬)¸�¶DÂ�¬ê¸�©Tª�^�»
¯Y©YÂ�·#Â�­#ÂL´Y]Y]Ç½�ª�­Vª)«Y¬)]T«�²N¬)±7±�´Y±�¹�±>ãuÂL¬ ¼ ®J¬)¾t± ¼ ´Tª)©T¶�»
ãuÂ�´Y±&^�¯Y±�¹�±�Î�¾Dºëª�·#ÂL«Y¸cª)¬)´T±D½L±{ª)´#ª�­T]YÄ~ª³·Nª)´Y´Y®äÑ+_

�c�3�!�ì�D�eí�l�g³o>�To � o>î~fVh�fÌm�n{h��#hLkTk#o~s7�Dl�x�o~k
\Åª)Ä�´Y]YÊTªÇ¹�Â�ãp·#¶ï^LªD¹�±�¯Y±~·#± ¼ ´Y®e¹�©Tª�^�¯Y©TÂ�·#ÂL­TÂL´Y]TÂ�¹ð]
©Tª�^�¯Y©YÂ�·#Â�­#ÂL´Y]YÂ~¹ñ^�ÑcªD©Tª)«T¬)ÂL©Y´T®e¹Ö¸�´Y¶!¬)©YÂ�´Y´Y]T¹Ô¹Åª�^�»
Í�¬�ª ¼ ±�¹òÀYÂ�¬)«!±Ó]YÄ�­#±>ãuÂL´#ªó¸ô©Tª ¼ ±D¬)ÂóõöÞ�Û�Ú�÷{×DØùø
úAû3Ú�ß5Ý¡Þ�ØYÚLÝ5Þ à9á F�F `Dâ�_uüÓ¹ÅªD¬)Â�¹ÅªD¬)]YÀYÂ~^�«!±DÈñ¬)±�ÀY«Y]�Ä�©YÂ�»
´Y]�Ðt^LªD¹�±�¯Y±~·#± ¼ ]YÂe±�ÄL´Tª>À#ª)ÂL¬>²!ÀY¬)±p]YÄ~¹�ÂL´YÂ�´Y]YÂ³¹ÅªD^LÍ�¬�ª�»
¼ ªi·T­T]T´Y®.Ýý¸pÜ�©TªDÄ

r → r′ = br
àÿþ â

^�±>Ñ�©TªD´�ÐYÂL¬ ©Tª�^L^�¹Åª)¬)©Y]T¸�ª)Â~¹�±DÂÔ^L¸D±DÈ#^�¬)¸�±T²(¯Y©TÂ�·V^L¬>ªD¸)»
­TÂ�´Y´Y±DÂý¯Y©Y±D]TÄL¸D±D­T¾D´T±DÈ Ï ¶c´T«YÊY]YÂ�È

f(r)
²c´YÂL]YÄ~¹�ÂL´Y´T®e¹ä²

Ä�ª�]T^L«�­Tº ÀYÂL´Y]TÂ�¹�¯YÂ�©YÂL´Y±�©T¹�]Y©Y±�¸D«Y]Ã²�«c±�¬)±D©#ª�Ð{Ä�ª)¸�]T^�]T¬
±D¬

b
²!´Y±�´YÂ�Ä�ªD¸D]T^L]Y¬i±�¬i¯YÂL©TÂ�¹�ÂL´T´Y±DÈ

r
_ � ¬)±u¯Y©Y]Y¸�±~·#]Y¬

« Ï ¶c´T«YÊY]Y±�´Tª�­T¾�´Y±�¹�¶ ^L±D±�¬)´Y±DÍuÂL´Y]Tº

f(r′) = f(b · r) = A(b) · f(r).
à�� â

� ¹�¶Æ¶�·#±D¸D­TÂL¬D¸D±D©cÐYÂ�¬°^�¬)Â�¯YÂL´T´Tª�Ð Ï ¶!´Y«YÊT]�Ð.^�­#ºe»
¼ ®e¹°¯Y±D«�ªDÄ�ª)¬DÂ�­TÂ~¹°^�¬DÂL¯YÂ�´Y]�_���Â�ÈT^�¬)¸�]Y¬)ÂL­T¾D´Y±#²c·T­YÐ
f(r) = f0r

α à�� â

]T¹�Â�Â�¹

f(r′) = f0(br)
α = (b)αf(r).

à
	 â
Ë ·#Â~^�¾ ¯Y±�«�ª)Ä�ªD¬)Â�­#¾ ^�¬)Â�¯YÂL´Y]

α
±�¯Y©YÂ�·#Â�­YÐYÂ�¬ ¯Y±�¸DÂ�»

·#Â�´Y]YÂ Ï ¶!´Y«TÊY]Y] ¸DÂ�Ä�·#Â�_tèµÂÖ^�¶!Î�Â~^�¬)¸�¶DÂL¬�¸�®¤·#Â�­#ÂL´�»
´Y±�½L±É¹Åª�^�Íu¬>ª ¼ ªT_¤Áµ©TªD¸�·VªT² ¶c^�­T±�¸D]YÂ(·T­YÐ.ª�¹�¯�­T]Y¬)¶�·#®
f(r0) � á ¯T±~·#©Tª)Ä�¶�¹�ÂL¸�ªDÂL¬u´YÂL«!±D¬D±D©Y¶!ºê·T­T]T´Y¶ r0

_

r0 = f
−1/α
0 ,

à G â
]i¹�±>ãuÂ�¬J¯Y±>ÐY¸D]T¬)¾�^5Ð³^�± ¼ ­#ªDÄL´µ´Tª)Ä�¸�ªD¬)¾

r0
Ñcª)©#ª)«Y¬)Â�©Y´Y±�È

·T­T]T´Y±DÈ�²ö´Y±�·T­TÐé^LªD¹�±�¯Y±~·#± ¼ ´Y®äÑÉ^L¬)©Y¶!«Y¬)¶!©
��¬)± ¸�¸D±)»
·#]Y¬�¸tÄ�ª ¼ ­T¶cãp·#ÂL´T]YÂ��Ãüö¬)Â�¯YÂL´Y´T±DÈ�Ä�ªD«c±�´(±D¬D´Y±�^L]Y¬D^5ÐÌ«
Ï ©TªD«Y¬�ª�­T¾�´Y±DÈ(^L¬)©Y¶!«Y¬)¶!©YÂ�²+«c±�¬)±D©#ª�Ð�^p^LªD¹�±�½L±7´Tª>ÀTª�­Vª
¼ ®ä­Vªu¯T±�^�¬D©Y±DÂ�´Tªp«!ªD«t^�ªD¹�±�¯Y±~·#± ¼ ´Tª�Ð ]Ã²T^�­TÂ�·#±D¸cª)¬)ÂL­T¾)»
´Y±#²�´YÂi¹�±>ãuÂ�¬u± ¼ ­#ª�·Vª)¬)¾uÑcªD©Tª)«T¬)ÂL©Y´T±DÈ ·T­T]Y´Y±�È�_

Ò ¶!©Tª)¸�´YÂL´Y]T] à G â(Ä�´Tª>ÀYÂL´T]YÂ
r0
^L¸)ÐYÄ~ª)´Y± ¬D±)­T¾�«c±

^ ª�¹�¯�­T]Y¬D¶L·V±DÈ�^�¬)Â�¯YÂL´Y´T±D½L±ÌÄ�ªD«c±�´TªY²�ª�ª�¹�¯�­T]Y¬)¶�·VªÌ´YÂ
]T¹�Â�ÂL¬t´Y]YÀYÂ�½L±�± ¼ Î�ÂL½�±7^L±t^L¸D±DÈ#^�¬)¸�±�¹Æ¹ÅªD^LÍ�¬�ª ¼ ´Y±�^L¬)]�_
Òñ^�±�±D¬)´Y±�Í�Â�´Y]Y]

f(r0) � á ·#­YÐÉªD¹�¯Y­T]Y¬)¶�·#®Ô¸c¹�Â�^L¬)± á
¹�±>ã&´Y± ¼ ®ä­T± ]T^L¯Y±)­#¾DÄL±�¸�ªD¬)¾ê­Tº ¼ ±DÂÆ·V©Y¶!½L±DÂéÀY]T^�­#±T²
ÀY¬)± ¼ ® ¯Y±D­T¶!ÀY]Y¬)¾Ç·#©T¶c½�¶!º ·T­T]T´Y¶D_ � ¬)± ¸�ª)ã&´Y®JÈ ¹�±)»
¹�ÂL´T¬7^Lª�¹�±D¯Y±~·V± ¼ ]YÐ�aT´YÂp^�¶!Î�Â~^�¬)¸�¶DÂL¬��L¬�ª�­T±�´Y´Y±�½L± Ä�´Tª�»
ÀYÂ�´Y]�Ð à ¸�©Y±~·#Â�^L©YÂ�·#´TÂLÈÆ¯�­T±�¬)´Y±c^�¬)]#â�²ö¯T± ±D¬)´T±DÍ�Â�´Y]Yº
«t«c±�¬)±D©T±�¹�¶ ¹�±>ã&´Y± ¼ ®ä­T± ¼ ® ±D¯Y©TÂ�·#ÂL­T]Y¬)¾#²�ÀY¬)± ¼ ±D­T¾)»
Í�±�ÂD²YªpÀY¬)± ¹Åª)­TÂL´T¾D«!±DÂ�_

�ÃªD«c±�Â�¯Y±�¸DÂ�·#ÂL´Y]TÂ�^�¬)Â�¯YÂL´T´Y±D½�± Ä�ªD«c±�´Tª{«!±D´Y¬D©TªD^L¬)]�»
©Y¶�ÂL¬u^L±u^�­T¶!ÀTª)Â~¹��L«�^�¯T±D´YÂ�´YÊY]Tª)­T¾D´Y±�È Ï ¶!´Y«YÊY]T]�²!¸�«!±)»
¬)±�©Y±DÈt]T¹�ÂLÂ�¬D^5ÐtÑcª)©#ª)«Y¬)Â�©Y´Y®JÈt¯Tª)©#ªD¹�ÂL¬D©

r0

g(r) = g0e
−r/r0 ,

à F â
±D¯T©YÂ�·#ÂL­YÐYºýÎu]YÈ ¸D®¤·VÂ�­TÂ�´Y´Y®JÈ ¹Åª�^�Í�¬�ª ¼ ]YÄ�¹�Â�´YÂL´Y]YÐ
Ï ¶!´Y«YÊY]T]�_TÒê^�¬)Â�¯YÂL´Y´T±�¹ïÄ�ªD«c±�´YÂµ¯Y±�^L¬)±>ÐY´Y´Y®JÈ ¼ ÂLÄL©#ª)Ä�»
¹�ÂL©T´Y®JÈÌ¯T±D«�ª)Ä~ª)¬)ÂL­T¾t^L¬)ÂL¯TÂL´Y]

α
¸D±�± ¼ Î�Âi´YÂ&^L¸)ÐYÄ�ªD´Ì^

¹ÅªD^LÍ�¬�ª ¼ ±�¹Ç·#­T]Y´Y®³_

�c�3�!�3�c���ÅdYl�xDn{lL|V}�k#lLq&d�l~�Lg�h�dVk#o�m�np}
� ^�´T±D¸D´T±DÈ{ÑcªD©Tª)«T¬)ÂL©Y]#^�¬)]Y«!±�È Ï ©Tª)«T¬>ª)­T¾D´T±DÈ ^L¬)©Y¶!«Y¬)¶c»
©Y®°ÐY¸)­YÐYÂ�¬D^5Ð�ÂLÂä©TªDÄ�¹�Â�©Y´Y±�^L¬)¾T_�¨�©TªD«Y¬�ª�­T¾�´Tª�Ðu©Tª)Ä~¹�ÂL©�»
´Y±c^�¬)¾����L¬)± ¹�Â�©Tª��¡^�¬)Â�¯YÂL´T]�^�]Y´T½L¶~­YÐY©Y´Y±c^�¬)]��³¸�±D«Y©T¶c½
¬)±�ÀYÂL«ê^�¬)©Y¶!«Y¬D¶c©T®³_�� ^�­T]�^�¶!ÎuÂ�^�¬D¸D¶DÂ�¬ ´Y¶~­TÂ�¸D±DÈ.¶!©Y±)»
¸DÂ�´Y¾ ^�¬D©Y¶!«Y¬)¶!©Y´Y®äÑ��L­TÂ�¹�Â�´Y¬)±D¸#²ý«�ª)«ë¸ Ï ]YÄL]TÀYÂ�^L«Y]�Ñ
Ï ©TªD«Y¬�ª�­#ª)ÑN²T¸ «!±D¬)±�©Y®äÑ7´YÂ�¬ ¹Åª)¬DÂ�¹Åª)¬D]YÀYÂ�^L«!±DÈ�^L]Y´Y½L¶c»
­YÐY©Y´T±�^�¬D]�²Y^�«!±D©T±�^�¬D¾u©Y±c^�¬�ªu¯�­T±D¬D´Y±�^L¬)]t^�¶�¹�ÂL´T¾DÍ�Â�´Y]�»
Â�¹ ¯Y©Y±�^L¬)©TªD´T^�¬)¸�ÂL´Y´T±D½L±{¹ÅªD^LÍ�¬�ª ¼ ª³«�ª)«7©Tª)Ä�]7±�¯Y©YÂ�·#Â�»
­YÐYÂ�¬ Ï ©#ª)«Y¬�ª�­#¾D´Y¶!ºê©Tª)Ä~¹�ÂL©Y´Y±c^�¬)¾#_

\ÅªD^L^�¹�±D¬)©T]T¹ ¯T©Y±�^L¬)ÂLÈYÍu]YÈ ¯Y©Y]T¹�Â�© ©YÂL½�¶�­TÐY©Y´Y±DÈ
Ï ©TªD«Y¬�ª�­T¾�´Y±DÈë^�¬D©Y¶!«Y¬)¶!©Y®³²�ÀY¬)± ¼ ® ¯Y©Y±D]Y­Y­Tº ^L¬)©Y]Y©T±)»
¸�ªD¬)¾T²~«�ª)«�¹�±>ã&´Y± ±D¯Y©TÂ�·#ÂL­T]Y¬)¾ Ï ©Tª)«Y¬�ª)­T¾D´Y¶!ºÉ©Tª)Ä~¹�ÂL©�»
´Y±c^�¬)¾#_cè³ª>ÀY]T´Tª�Ð ^e¬D±DÀY«Y]Ã²�Ä~ª)´�ÐY¬)±�È ± ¼ � ÂL«T¬)±�¹ä²c¯Y±�^LÀY]�»
¬�ª)Â~¹ä² ^�«!±)­#¾D«!±Ì± ¼�� Â�«Y¬)±�¸Ì´Tª)Ñ�±~·#]T¬D^5ÐÉ¸�´Y¶!¬)©Y]Æ^ Ï Â�©Y®
©Tª�·#]Y¶�^�ª

r
²JÀY¬)± ¼ ® ¶c^�¬�ª)´Y±�¸D]Y¬D¾°^�±�±D¬)´Y±�Í�Â�´Y]YÂ(ÀY]#^�­T±

��­#Â�¹�ÂL´T¬)±D¸D» ©Tª�·#]Y¶c^)²V]YÄu«!±�¬)±D©Y±�½L± ¹�±>ã&´Y±7±D¯Y©TÂ�·#ÂL­T]Y¬)¾
Ï ©TªD«Y¬�ª�­T¾�´Y¶!ºÔ©Tª)Ä~¹�ÂL©Y´T±�^�¬D¾

D
_ÅÁµ©YÂ�·V¯Y±)­T±>ã&]T¹ä²�ÀY¬)±

¸�^�¬)©Y¶!«Y¬D¶c©TÂp´#ª7©T]T^)_ á ¹�±>ã&´Y±t´TªDÈY¬)]
N0

± ¼�� ÂL«Y¬)±�¸7^
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QSR�TUTWV X m0 Y V�Z�[F\UQ]\_^OR,`UQ]\U^.V Q r0 a#b TKc6deQ]fg^6R TKh
T*Q]V i,^.d6QeV Z�[%\jQkZ V,c6l m�\Un*Vo^6R,`jQ]\*^6R r1 = kr · r0 p i,Vq6R�X�rO\UQ N1 = kN · N0

V�Z�[F\*s.i,V Y6aut T*R Q]V�v.Vjr3V�Z�q6V�X
TWi�^.w�s.i,w�^.\�vOR,^6R Q]\*i,^.f kr

d kN
Z wUrOw�i@VjrOq.d2d2i,\�xy\

r6c.z Y TW\*{@QSR�TWmyi'R,Z�V Y6a�| R,s.dOQ}V�Z ^6R,`UV Q p Y V Z�~�\jQ�TKc6wBh
�6R�\ p�Y TWi,^.w�s.i�wB^6\�^6R,`jQ]\*^6R rn = kn

r · r0
w�q6R T�Z�wUrO\*i

Nn = kn
N ·N0

V�Z [%\*s6i,V YOa*� R,i,\jQoQ]VCx�q6V�`UR,v6d6T*R�i,lETWV V�i'h
q.V m�\*q6d.\�Q]\Wx�rOw��.d6TWc6V Q N � d�c6d�QSR T*T*V�X M = m0N �dN^6R,`jQ]\*^.VBQ r Y�Y d�rO\ �
N(r) = B · rD , or M(r) = m0B · rD , ���U� �
n�rO\���^6R�s.i'R'c6l q6R'zk^OR,`UQ]\U^.q.VBTWi,l�^6R Y q6R�v.V s�R�`UR�i,\Wc6�
TWi�\*v.\Uq.d D � i,V�nUV�TWi,\Uv.\*q.q6V�n*V�`jR,s�V�q6R p i a \ a
D =

log kN

log kr
�����j�

d�V�v.^.\WrO\Wc6z.\*i�T�z�TWi,^.w�s.i�wB^6q.fEQ]d�v6R,^OR�Q]\*i�^6R�Q]d kr
d

kN a6� q.VCx�d.i,\WcOl B Q]VCx�\*i�Z�f�i,l Y f�^6R'x�\*q��6\*^.\U`�v6R'h
^6R Q]\*i,^.f�q.wjc6\ Y V�nUVyw�^.V Y q�z N0

d r0

B =
N0

rD
0

. ���j���
� i�Q]\*i�d6Q p �.i,V�w�^6R Y q.\*q.d6\ ���j� � T*V�V i Y \Ui�TWi Y w�\UinLcOR'rOs�V Q]w�q.\*v6^.\*^.f Y q.V Q]w�v6^.\Kr3T*i'R Y cO\*q.d.��TWd.c6l�q.V

�7c6w�s.i,w�d.^6wB��~�\UX���w�q.s. 6d.d p s�R,s � i,V¡V �.\ Y d�rOq.V�d.`
^.d6T a � aj¢ c3RCrOs.d6XyTW^6\KrOq.d6XyTWi�\*v.\Uq.q.V�Xy`UR�sBV q7r6c.zy��^OR,s�h
i'R'c6l q.V�X
T*i,^.w�s.i,w�^.f Y T*\*n�r3R}T*V�v.^6V Y VCx�r3R�\*i�T�z�Z�V�c6l,h
m�dOQ]d£�7c6w�s.i,wBR, .d�z6Q]d¤d¤s.cOR�T*i,\*^.d6`UR, 6d.\*X¥qOR Y T*\W{QSR�T*m�i'R,ZBR'{ a¦ ^.V T*i,f�\§R'c6nUV�^.d.i Q]f¨v.V T*i,^.V \*q.d�z©T*i,VC{BR TWi,d6�.\Wh
TWs6d�{ª��^6R,s.i'R,c6l�q.f«{�TWi�^.w�s.i,w�^yTu`URCr�R,q.q.V Xª��^6R,s6iCR,c6l,h
q.V X@^6R,`jQ]\*^.q6V TWi�l��eQ]VCx�q6Vyq6R�X.i,d p q6R�v.^.d6Q]\U^ p�Y s6q.d�h
n*\7¬�­�®F¯ ° a�± v.VBQ]V�~yl�� � i,d�{@R'c6nUV�^.d6i�Q]V Y Q]VCx�q.V�v.V,h
TWi�^.V�d.i�l²d6T*s.w TUTWi Y \*q.q6f�\ys�R,i'R,c6V�nUd_nWR'c3R,s.i,d6s p v.V,c6\U`Whq.f�\�v.^.d³i,\jTWi,d6^.V Y R,q.d.d³^6R�`Wc6d6�.q.f«{´Q]\Ui,VjrOV Y T*i,^.w�s�h
i,w�^.q.V n*V�R,qOR'c6d.`jR a
µ%¶¸·F¶�¹2ºO»½¼½¾B¿½¼JÀ½À�¿½º6Á½ÂÃ¿FÁSºOÄ�»½º3Å,Ä�À
� v.^.\WrO\WcO\*q.d.\�v.V�c.zÆv�cOV�i,q.VBTWi,dÆz Y c6z.\*i�T�z�V TWq6V Y V XR,qOR'c6d.`jRos.^.w�v.q.VBQSR�T*m�i'R,Z q.f«{ÇT*i,^.w�s.i,w�^ a<± w�~�\UT*i Y wBh\*i Y R,x�q6R'z}s�V�q6 .\*v.i�w R'cOl�q6R,zÈ^6R,`Uq.d. 6RÇQ]\Wx�rOwÃQ]VjrO\Wh
c.z6Q]d�TÈV Z�f��.q.fEQÉdÊ��^6R�s.i'R'c6l q.fEQ§v.V,c6z6Q]d�v�c6V i'h
q.VBTWi,d a)� Vjr3\Wc6l²v.\*^ Y V�nUV@i,d.v6RNV Z�f��.q.V²d6TWv6V,c6l `*w�\Ui�T�z
r6c.zNV�v.dOT*R,q6d�z@rOd6q6R�Q]d.s6d2nWR,`URyd�c6dNx�d�rOs�VBTWi,doT�s�V�^�h
^.\*c.z. .d�z6Q]d�Z�c6d.`*s�VjrO\UX6TWi Y d�z p i,V n�r3RÇs�R,s���^6R,s6iCR,c6l,h
q6R,zoQ]VjrO\*c6l�T*V�V�i Y \*i TWi Y w�\*i���d.`Ud.�.\jTWs.d6Q�T*d6TWi�\UQSR�Q�T
TWd.c6l�q.fEQ]dN�7c6w�s.i,wBR, .d�z6Q]d p V Z�wBTKc6V Y c6\Uq.q.fEQ]d@s�V�^6^.\Wh
c.z. .d.z6Q]d�r�R'c6l q.\*nUVªrO\UX6TWi Y d�z a
ËBÌÎÍBÌÐÏ�Ì�Ñ#ÒCÓSÔ�ÕOÓ<Ö�×6ØLÙ�Ú�×�Ù3ØjÛ�Õ6Ø'Ü*ÛyÝ2Þ�ÝOßjà�Ø'Ü*ÛyÝ

Ý_áKâUã�â
ä TWv6V,c6l `*w�\jQ]V�\ Y nUd�rO^.Vjr3d.q6R�Q]d6sB\uv.V�q�z.i�d.\uv�cOV�i,q.VBTWi,dq.\Uv.^.\*^6f Y q.V XÃTW^6\KrOf � s�V�i�V�^6R,z}z Y c.z.\Ui�T�z�R�v.v.^.V s�TWd�h
QSR, 6d.\*X�x�d�rOs�V TWi�d�d�c6d�nWR,`jR � TWVjrO\U^ x�d.i�v.^.\WrOv.V,cOVCxy\Wh
q.d.\�Voi,VBQ p �.i,V Y \*c6d.�.d6q6R�v.c6V�i,q6V TWi�dÇq6\�`jR Y d6TWd.iNV�i

^6R�`UQ]\*^OR � c6\jQ]\*q.i'R2V Z�[%\jQSR dV a½| V�n�r�R�Q]VCx�q.V2V�v.^6\Wh
rO\*c6d.i,lNv�c6V i,q.V T*i,l ρ(~x) Y i,V��6sB\ ~x d´^6R�TUT*QSR,i�^.d Y R�i,l\*\²s�R,s}V Z�f��.q.w���q.\*v.^6\*^.f Y q.w��å��w�q.s. 6d.��V i�v.V�c6V,h
xy\Uq.d�z Y v.^.V T*i,^6R�q6TWi Y \��

ρ
fluid

= ρ(~x) = lim
V →0

M(~x, V )

V
, ���Uæ �

n�rO\ M ç QSR�TUT*RÃx�d�rOs�V T*i,d Y q.w�i,^.d¡V Z�[%\jQSR V Y V,hs.^.w�n³i,V �.s.d ~x a#è c.zkV Z�f��.q.V Xkq.\Uv.^.\U^.f Y q.V XéT*^.\KrOf
TWw�~y\UTWi Y w�\Ui�v.^.\Kr3\Wc p q6\E`UR Y d6T�z.~yd.XyV i�V�Z [%\UQSR V p v.V,hTWs�V�c6l�s.w�q.\*v.^6\*^.f Y q.V T*i,lyrOV T*i,d�x�d6QSR�q6RyrOVBTWi'R,i�V��.q.V
QSR'cOf«{²QSR�T*m�i'R,ZBR'{ p i a \ a M = ρ ê a¦ ^.dÇd.`*w��.\Uq.d.d³�7c6w�s.i,w R� .d.X´V�Z�f��6q.V�X2x�d�r3sBVBTWi,d
Q]VCx�q.V�^6R T*T*QSR�i,^.d Y R,i,l %(~x) s�R,s¡^.\jR'c6d6`UR, 6d.�©TWi�V,h
{BR TWi,d6�.\UT*sBV n*VÇv.^.V  .\UTUT*R p rOc.z�sBV i,V�^6V�n*V³V v.^.\Kr3\Wc6\Uq.f
V�Z f��.q.f�\�TWi'R,i�d6TWi,d6�.\UT*s.d.\�Q]V Q]\Uq.i,f ç T*^.\KrOq6\*\ p rOdOTKhv.\U^6TWd�zodNi a v a

� VjrO\*c6d¤V�Z f��.q.f«{Êv6V,c6\UX¤v�c6V�i�q.V T*i,d¥d�rOw�i�v6Vjr
V�Z ~�d6Q�qOR,` Y R,q.d6\UQ à Ø�ë ë�Ö�Ù3Ý,ë3Ø'ì,â'ÕOÕ6Ó<Ö³ë.â,Ü*×'ë�ÖUßCÖ�Ù�ÖWí
Õ6Ý�Ú¡ìÃÞéÝ3ßUà Ø'ÜWÛ�Ý3Ì � q.dkdOQ]\*��i�VjrOq6V�^.VjrOq6f�XéTW^6\Kr6h
q.d.Xî��V q p q6R�s�V�i,V ^.f�X�qOR,s�cOR'rOf Y R���i�T�zås�V�^.^.\*c6d�h
^.V Y R,q6q.f�\��7cOwBs6i,w R� .d.d a ¦ ^.dOQ]\*^³i'R,s�V�X´^.\*nUwUc6z.^.q.V�X
�7c6w�s.i,wBR, .d6dkQ]VCx�q.V Y d�rO\*i�l YÈY \*^B{�q.\*Xk�6R�T*i,dk^.dOT aæ a � T*q.V Y q.f�\NT Y V X6TWi Y R�v.Vjr3V�Z�q6f«{³^OR�TWv6^.\KrO\*c6\*q6d.X YTW^OR Y q6\*q.d.d�T²��^OR,s.i'R'cOl�q.fEQ]dÃ^6R�T*v.^.\Kr3\Wc6\Uq.d�z6Q]d�V�Z,h
TWwBx�r3R���i�T�z Y s6q.d.n*\�¬�­.®F¯ ° a� Z�f��.q6V�\ ÜWÛ�â'ïOÝ6ØCÕOâ�ë�Õ6Ø'Ö T*i,VC{BR TWi,d.�6\UTWs�V \�v.V,c6\
v�c6V i,q.VBTWi,d ρ(~x) Q]VCx�q.V§v.^6\Kr3T*iCR Y d.i�lîs�R�s�T*w�QSQ]w
�7c6w�s.i,wBR, .d6X
v�c6V i,q.V T*i,d δρ(~x) déT*^.\Kr3q.\*X
v6V TWi�VCz.q�h
q.V X²v�cOV�i,q.VBTWi,d ρ0 = 〈ρ(~x)〉 p i'R,so�.i,V

ρ(~x) = ρ0 + δρ , ���UðB�
d�c6d p¡Y i�\*^6Q]d.qOR'{ñZ \*`*^OR,`UQ]\U^.q.V XñV�i�q.V T*d.i,\WcOl�q.V X
�7c6w�s.i,wBR, .d6d²v�cOV�i,q.VBTWi,d p

δ(~x) =
ρ − ρ0

ρ0
=

δρ(~x)

ρ0
. ���jò��

� R�Q]\Ui,d6Q p �.i,V�V�i,q6V TWd6i,\Wc6l q6R'z��7cOwBs6i,w R� .d�z δ(x) Yw�^6R Y q.\*q6d.d ���jò � Q]VCxy\Ui2Z�f�i,l2v.V�c6VCx�d.i,\*c6l�q.V X³d�V�i'h
^.d. OR,i,\*c6l�q.V X Y rOd6R�v6R,`UV�q.\�h � ≤ δ �Ðó6�Kô ∞ p i,V�n�r�R_s�R,s
v�c6V i,q.VBTWi,l Y TW\Un�r3R�v.V�c6VCx�d.i,\*c6l�q6R ρ(x) > � rOc.z@v.V,cOV,h
x�d.i,\*c6l�q.f«{oQSR�TUT��OR�TWi�d.  a� Z�f��.q6V2^6R�TUT*QSR,i�^.d Y R���i δρ(~x) s�R�sÇ^6\UR'cOd.`UR� .d.�
nWRCw TUTWV Y R�T*i,VC{BR TWi,d6�.\UT*sBV n*Võv.^.V  .\UTUT*R p r6c.zîs�V�i,V ^.V,h
n*V¥��R�`*fö�7c6w�s.i,w R� .d.X§q.\¡s�V�^6^.\Wc6d6^.V Y R,q.f a�� r3\UTWl��w�q�r3R Q]\*q.i'R'cOl�q.w��k^6V,c6lyd.n*^6R�\*i�TW^.\WrOq�z�z@v�c6V i,q.VBTWi,l
ρ0 ÷7øWù ú6û�üký � p s�V�i,V ^6R'zÊrOV,c6x�qOR�TWw�~y\UTWi Y V Y R,i,l¡d
Z�f�i�l²{BV�^.V m�V²V�v.^.\WrO\WcO\*q.q.V X´d³v.V�c6VCx�d.i,\*c6l�q.V X2r6c6z
s�R'x�rOV X7^6\UR'cOd.`UR� .d.dªTKcOwB�OR,X.q.V n*V�v.^6V� .\jT*T*R ρ(x) aKþ�ÿ V,h^.V m�VoV�v.^6\KrO\*c6\*q.q6f�X���V `*q6RC�OR,\*i p �6i,V_TW^6\KrOq�z�z³v�c6V i'h
q.VBTWi,loq.\�`jR Y dOTWd.ioV�io^6R�`UQ]\U^6RNdÇv6V,c6VCx�\*q.d�z ßjØCÜ*Û�â,í
Û�ØjÔ�ÕOØ'áLØ��3×'ë)Ö*ßCÜWÛ�â,ì'ÝOÛ�Ö�Ù�� Õ6Ø'áLØ i,\jTWi,V Y V�nUV�V�Z�[F\UQSR a
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I6J?K�L�M�N?OQP�N?R�OSP2R�N	T<M�N	U�T<VXWYNGZ[M�N\TE]<^2ZCOSP�_�Oa`�U!TE]Eb
c V�T<dS`�V�U!^�_�O�T<M�KeWfU!T<NGg�]?U!T?V�L�O�U�^�V�WhP�_�N?i�O.U�U�N	W,jkM�]Eb
l K c ]<O.WYKeWmU!T?NGg%]?U�T<V�L�O.U!^�V�WnT<N	L�O�L�M�KeWmP�_�N?i�O.U�U!N%W
V2R�VX_�]?U!P�_�Oa`�O�R�O�M�V�O�WoW0]?T<O�_�V�]ER�d	M�K,gpT<N	L�O�^�qsr�`�O�U!d
`�V�U�^�_�O�T<M�N	U�T<d c M�N	U�V�TtM�O�^�N?T<N	_�K�OuM�N c K�O*]	U!P�O�^�T<Kvj
U c?w l ]?M�M�K�OsUvU!V�M�x�y.R w _�M�N%U!T<d	zXT<N?L�O�L�M�K,g{L�]?U!T?V�i|q
} ]EZ[M�KeWQP�_�V�WYO�_�N%W 8G@.1�8�B�8E@�1�8E~�8 U!T?NGg%]?U�T<V�L�O.U!^�N<b

x�N�`�V�U!^�_�O�T<M�N	x�N�P�N<R w P2R�N	T<M�N%U!T<V w�c R w O�T?U w P�y%]?U�U!N<b
M�N c U!^�V���P�_�N	i�O�U�U<jYP�N	_�NGZC`�]<z6��V���P�R�N?T<M�N	U!T?d�L�V�UaR�]
� ^�N	M�i�O�M�T<_�]<i�V�z��{L�]?U�T<V�i

n(~x) = ΣN
i=1δ(~x − ~xi)

qA��N<b
x�R�]	U!M�N l ]<^�N	M�yS�sy	]?U�U!N	M�]�j c O�_�N w T<M�N	U�T<d P

M�]<��T<V
NL�]	U!T<V�i c N?J	�|O�WYO V

O�U�T<d

P (N, V ) =
〈N〉N exp(−〈N〉)

N !
,

� ��� �

x�`�O 〈N〉 = n0V �f� T<N{U�_�Oa`�M�O�O�L�V�UaR�N{L�]?U�T<V�i c N	J?��bO�WYO
V (r)

qs�Y`�V�M�U!T c O�M�M�KeWoP�]?_�]?WYO�T<_�N	W�P�y%]?U�U!N?M�N c b
U!^�N	x�NX_�]	U!P�_�O!`�O!R�O�M�V w�w�c R w O�T?U w P�N%U!T<N w M�M�] w U!_�O!`�b
M w2w ^�N?M�i�O�M�T<_�]?i�V w L�]?U�T<V�i n0 = 〈n(~x)〉 V2R�VSV�M�T<O�M�bU!V c M�N%U!T<d�P�y%]?U�U!N?M�N c U�^�N?x�N�P�_�N	i�O�U�U�]�qEI6M�],N?P�_�Oa`�O�R w O�T
g%]?_�]<^�T<O�_�M�K���W0]	U!��TE]?J

λ0
`�R w � T<N	x�N�P�_�N	i�O�U�U�]

λ0 ≈ n
−1/3
0 ≈ Rsep,

� �G� �
^�N?T<N	_�K��{_�] c O�M�P�_�V�J<R�V l V�T?O!R�d	M�N[U!_�O!`�M�O�WYy{_�]?U�U!T<N w b
M�V�z�WYO!ZC`�y�L�]?U!T?V�i�]?WYV�j�N	J?N l M�]GL�]?O�WYN%WYy{TE]<^2ZCO9^2]?^
Rsep

q
� N?_�WYV�_�N c ]<M�M�] w `�V�U!P�O�_�U!V w W0]?U�U!K6�GL�V�UaR�]�L�]Eb

U!T?V�i
σ2(r) c U��sO�_�Os_�]E`�V�y	U�] r

N?P�_�Oa`�O�R w O�T	U w ^2]<^

σ2(r) =
〈N2(r)〉 − 〈N(r)〉2

〈N(r)〉2 ,
� ��� �

V w�c R w O�T	U w�c ]<Z�M�N?� c O!R�V�L�V�M�N	�|j�g%]<_�]<^�T<O�_�V l y%z6��O��
U!T?NGg%]?U�T<V�L�O.U!^�V��uP�_�N	i�O�U�U ^2]<^pM�]¡W0]ER�K,g�j�TE]<^pV*M�]
J?N?R�d?�9V2g¢P�_�N%U!T<_�]<M�U�T c O�M�M�K,g�W0]	U!��TE]?J	]Eg r

q
£¥¤.¦ @.=�5!>aB�3!7C1�8E5!7C=�$Q§ ]<T<O�_�V�]ER�d?M�K�O¨T?N?L�^�V

`�V�U�^�_�O�T<M�N?x�N[U!T<NGg�]?U!T?V�L�O�U�^�N?x�NCP�_�N	i�O�U�U�]�j2M�]Eg%N.` w ��V2b
O�U w M�]�^�N?M�O�L�M�K,g9_�]?U�U�T<N w M�V w gs`�_�y�x�N?T6`�_�y�x!]�j c K l K,b
c ]?zATvP�N w�c R�O�M�V�OeM�O�V l J	O!Z[M�N?x�N[© ¤G¦ ;C@.=�5!>!B�3�791�8G5�79=
V2R�VSª|« ¤ >?7 ¤ ; H =�8G1�1�8G~�8 © ¤G¦ ; j�^�N	x�`�]�_�]?U�U�W0]?T<_�V c ]<O!b
WYK�O�W0]?U!�9TE]<J?KXWYO�M�d?�9OCU�_�Oa`�M�O�x�N�_�]?U�U!T<N w M�V w WYO!Z�b
`�y\L�]	U!T<V�i�]?WYV

r < Rsep
qA¬�T<N?T¡��y2W c N l _�]?U!TE]?O�T�U

y2WYO�M�d	��O�M�V�O�W
r
^2]?^

σ(r) ≈ 1√
N

≈
(

r

λ0

)−3/2 � ��­ �

V{U�TG]?M�N c V�T?U w J?O.U!^�N?M�O�L�M�NvJ	N<R�d	��V�W�M�]�N?L�O�M�d�W0]<R�K,g
W0]?U���TE]<J%]Eg�q
® 8 «�¯?© =�3°D<B�8E5!7AB2;<1�5!7�±<3�1�1�-43 ¦ ;?5 © 7C;E+G- q � ]

J?N?R�d?�9V2gAP�_�N	U!T?_�]<M�U�T c O�M�M�K,gsW0]?U!�9TE]<J	]<g r
_�]?U�P�_�O!`�O!b

R�O�M�V�O�U!TE]<M�N c V�T	U w N.`�M�N	_�N.`�M�KeW,q��s_�V � T<N%WuO�x�N�M�N?_2bWYV�_�N c ]?M�M�] w `�V�U!P�O�_�U!V w � y�_�] c M�O�M�V�O � �.­ ���CU�T<_�O�WYV�TEb
U w ^²M�y.R�zo^2]?^

1/
√

N
j4^�N?x�`�]�L�V�U!R�NQL�]?U�T<V�i²J?O.U!^�N<b

M�O�L�M�N c N l _�]?U�TE]<O�TGq § ]?U���TE]<J Rhom ≈ λ0
w�c R w O�T?U w

W0]?U���TE]<J	N	W¥N.`�M�N	_�N.`�M�N%U!T<V\P�y	]?U�U!N	M�N c U!^�N?x�N�P�_�N?i�O.Uab
U�]�q�I6M�N?P�_�Oa`�O�R w O�T?U w V l y%UaR�N c V w j�L�T<N�M�N?_�WYV�_�N c ]<M2b
M�] w `�V�U�P�O�_�U!V w σ2(Rhom) ³ � q�sy	]	U�U!N	M�N c U!^�N?O²_�]	U!P�_�Oa`�O�R�O�M�V�O w�c R w O�T?U w N.`�M�N<b
_�N.`�M�KeW´U�T<NGg%]	U!T<V�L�O�U�^�V�W*`�V�U�^�_�O�T?M�KeWXP�N?R�O�W´P2R�N	TEb
M�N%U!T<V +G3�µ¡>?8�B	B�3 «2¶ H =�· j,TE]<^pL�T<N¡O�x�N¡^�N?_�_�O!R w i�V�N?M2b
M�] w �sy�M�^�i�V w _�] c M�]�M�y.R�z � M�O�P�_�V�M�V�W0] w¸c N c M�V�W0]Eb
M�V�O�TE]<^*M�] l K c ]<O.WYK���¹º`�V�]<x�N	M�]ER�d?M�K���»�L2R�O�M|j�U!N	N?TEb
c O�T?U!T c y�zA�9V��pT?N?L�O�L�M�N?�¼U!V�M�x�y.R w _�M�N	U!T?V´P�_�V r ³ � �aq¬�T<N½N l M�]GL�]<O�T.j�L�T<N¾P�N<R�NGZCO�M�V w T<N	L�O�^¿M�O l ] c V�U w T
`�_�y�x¸N	TQ`�_�y�x!]�jÀTGq O	q�M�V�^2]<^�V2g\M�]	U!T<N w �9V2g¡U�T<_�y�^�T<y�_
M�O�T.q�ÁAN	T w V�M�N?x�`�]�^2]EZCO�T?U w j�L�T<N¢U!T?_�y�^�T<y�_�KXP�_�V�U!y�TEb
U!T c y�zAT �Â� T<N�P�_�N%U!T<N¸U!R�y�L�]<��M�K�O¢��R�y�^�T<y	]?i�V�V|j�P�N<bR�y�L�]?zA��V�O�U w�c _�O l y.R�dETE]<T<O�_�O.]ER�V l ]<i�V�VÃM�O�^�N?_�_�O�R�V2b
_�N c ]<M�M�N?x�N�P�_�N	i�O�U�U�]�q
} U!TE]<T<d	OÀÄsÅ<Æ�Ç�È(É�Ê(ÊËÈ	É!Ì�Å?ÊÍq �ÍÎ �?�<Ï Å	��_�]	U�U�W0]?T<_�V c ]<O�T?U w

O��9O6N.`�V�M c ]<Z[M�K��{P�_�V�WYO�_ � 5�±<3ºB�:�8E@�1�8�B�8E@.1�-0· @.=�5�F
>aB�3!7C1�-0·XD<B�8 H 3�5�5 c N l M�V�^2]?zA��V�� c U!R�y�L�]<OQL�]	U!T<V�i
M�]<g	N.` w �9V2g%U wsc ^�_�V�U!TE]<R�R�V�L�O.U!^�N?�9_�O��9O�T<^�O,UÀM�O�J?N?R�d<b
��V�WYV�^�N?_�_�O!R�V�_�N c ]<M�M�KeWYV�U�WYO���O�M�V w WYV�L�]?U!T?V�i c N<b
^�_�y�x¸_�O�x�y.R w _�M�K,g¡y l R�N c _�O���O�T?^�V|q,�sN.`�N?J	M�K��ÃP�_�N<b
i�O.U�U�V�U!P�N<R�d l y?O�T?U w `�R w x�O�M�O�_�]<i�V�V�M�]GL�]ER�d	M�K,g¢y	U!R�N<b
c V�� c WYN.`�O!R�V�_�N c ]<M�V�V�^�N%U�WYN<R�N?x�V�L�O�U�^%N	� l ]G`�]GL�VSÐ�b
T<O�R�q

#%$'&%$'&	$¾Ñ0B�;E>?7�; «�¯ 1�-43vD�8 «2¶ D « 8G7C1�8E5!7C=
�s_�V¼]<M�]<R�V l O�^�_�y%P�M�N	W0]	U!��TE]?J?M�N	�pU!T?_�y�^�T<y�_�K } U�O!b
R�O�M�M�N?�XP�_�V�WYO�M w O�T?U w P�N	M w T<V�OQ`�V�U!^�_�O�T<M�N	x�N*�s_�]<^2b
TE]ER�d	M�N?x�N�T<N	L�O�L�M�N?x�NÃP�_�N	i�O�U�U�]�jÀ`�R w ^%N	T<N?_�N?x�N�P�N<R�O
P2R�N	T<M�N%U!T<V¡WYNGZ�M�N�P�_�Oa`�U�TG] c R w T?d c�c V�`�O�P�_�N%U!T<_�]<M2b
U!T c O�M�M�N?x�N _�]	U!P�_�O!`�O!R�O�M�V w ÐebÒL�]?U!T?V�i c T<N?L�^�]<g ~xa

U
W0]?U�U�]	WYV

ma
c N	J?�|O.WYO V

q�Ó|N	x�`�]

ρ(~x) =

N
∑

a=1

maδ(~x − ~xa) .
�ÒÎ � �

} UaR�y�L�]?O�N.`�V�M�]?^�N c K,g�L�]?U�T<V�i�U ma = m
WYNGZ[M�N

P�_�N%U!T<NCV�U�P�N<R�d l N c ]<T?d�P�N?M w T<V�O�P�N<R w P2R�N?T?M�N	U�T<V{L�V�Uab
R�] � V�R�VÔ^%N	M�i�O�M�T<_�]?i�V�V��kL�]	U!T<V�i

n(~x) =

N
∑

a=1

δ(~x − ~xa) .
�ÒÎ � �

Õ T<N?J	K�N	P�V�U�]?T<d�M�O�P�_�O�_�K c M�y�z\V�O�_�]?_%g�V�z¡^�R�]?U�T<O!b
_�V l ]<i�V�V|jG^%N	T<N?_�] wvw�c R w O�T?U w M�N c N	�vg%]?_�]<^�T<O�_�V�U!T<V�^�N	�
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V\_�]E`�V�y	U�]
r

� T?N?x�N�N	J?�|O.W0]

ρ
fractal

= ρ(~xa, r) =
M(~xa, V )

V
,

�ÒÎ?Î �
x�`�O

M(~xa, V ) � W0]?U�U�] c M�y�T<_�V�N?J?��O�W0] V (r)
j�_�]?U!P�N<b

R�NGZCO�M�M�N	x�N c N	^�_�y�x6L�]?U!T?V�i�K¼Us^%N	N?_	`�V�M�]<T<N	� ~xa
q
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U j [�T�óV\�óVa/Y
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`,^+m*[�W�ô�Z f [
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­�´,·+»°¾.Â�Á.¯V±'­2Âg­2Êg³�¾V¯VÈV³
­�Å6·,½�·&·+û,ü*³
»�Â
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­7ýV³2¸/´�¾V·+»

µ=¸V³�Å'·+´�·,¾/·,Ë�´�·+ÈVÅ6³:­�´�¾V±6ÅV´,±'¾/¹NÌÚþ=¹�»p·�ÿ�³�»�ÄV¾V·+¯�®VÉ
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Êg¾/Â,ÅV´�Â�®/Æ+¸V·,Ë~­�´,¾V±6ÅV´�±6¾V¹���¾V¯/­�Ì ��� À$µ�Å6·,´�·+¾V·,Ë~ÈV¯.­�É
®/·�ÄV·
Á.º2®/³�»p³�¸V´�·+µ|µ+¸V±6´�¾V¯Ãº�®/³
»p³2¸V´�Â0û,·,®/³2³8µ,¹v­2·,Å6·,½�·
±6¾V·,µ+¸�¿�Ç�Â�Á)Â�³2´+­%¿0±6¾/Â,µ,¸V³�¸V¯V³�»�� �
��� Ì��GÂ,ÅV¯/»�·+û,¾/Â,Ç2·+»7À
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´�¾/Â,ýV¯V¶;ÀGÅ6·,´�·+¾/Â�¿l­�µ,¿VÇ�Â�¸.Â|­xº2®/³�»p³�¸V´�Â,»p¯l¾/Â�Á.¯V±+­�Â
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nV (r) =
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4π
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À.¸V³2·�ÿx¯6Á)Â�¸�É
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Á.¸V·�É
µ,¾/³�»p³2¸/¸V·v­�¸V±
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¾V¹¼¯/­�Ä/·�®/Æ+Ç2·,µ'Â�®/·'­�Æ�µ:­�´�Â�¾/¹��|Å6·+­�»p·�®/·+½2¯VÈV³
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7p³�Â�®/Æ,¸V¹�³ Êg¯VÇ2¯/ÈV³�­2ÅV¯V³ ­2´�¾V±6ÅV´�±6¾V¹ ·,û+¹�ÈV¸V·k¯/»p³�¶&´
»p¯V¸V¯.»�Â�®/Æ+¸V¹�Ë

Rmin
¯�»�Â,Å�­�¯/»�Â�®/Æ,¸V¹�Ë

Rmax
»�Â+­�É

�"´�Â,û,¹NÀ+»p³2ÿ�Á.±xÅ6·,´�·+¾V¹v»p¯|Êg¯VÇ�¯VÈV³
­�Å�Â�¿:­�¯.­�´�³
»�Â;­�®/³�É
Á.±+³2´ Êg¾/Â,ÅV´�Â�®/Æ+¸V·+»p±l­2Â+»p·,ÄV·
Á�·,û,¯/¶"Ì � ´,¯ »�Â,­%�"´�Â�û+¹
¸/Â,Ç2¹�µ+Â,¶&´,­%¿ ê/ï#3�ê.è%& ¯ !�è õ#1 ê.è%& ½2¾/Â,¸V¯Vý/Â+»p¯lÊg¾.Â�Å�É
´�Â�®/Æ+¸V·,Ë�­�´,¾V±6ÅV´�±6¾V¹NÌ
�g¾V¯ ¯VÇ�±'È/³2¸V¯V¯ Å/¾V±6ÄV¸V·+»�Â+­8�;´�Â,û,¸V·+½2·X¾/Â,­2ÄV¾V³�Á.³�É

®/³�¸V¯�¿�½�Â�®.Â�ÅV´,¯VÅ�­�È/¯V´�Â�³2´+­%¿*À$ÈV´,·�¸V¯Vÿ8¸V¿�¿�½2¾/Â,¸V¯Vý/Â
Rmin

¾/Â,µ,¸/Â�¾/Â,Ç�»p³�¾V±�½�Â�®.Â�Å/´�¯VÅV¯*ÀÐ´�Â�Å�ÈV´�· ½�Â�®.Â,ÅV´�¯�É
ÅV¯0¯V½2¾.Â�¶&´�¾V·,®/Æ;´,·,ÈV³�ÈV¸V¹��:È/Â+­�´�¯VýGÌ�9�®V¿9¾/Â,Ç�®/¯VÈ/¸V¹��
Å6·+­�»p·�®/·+½2¯VÈV³
­�ÅV¯+��Ç
Â�Á�Â�È�µ|Å�Â�ÈV³
­�´�µ+³;¸/¯�ÿx¸V³2ËÃ½2¾/Â,¸V¯�É
ýV¹�»p·�ÿx¸V·�µ,¹�û,¾.Â�´�Æ°¾.Â�Ç�®.¯VÈV¸V¹�³0»�Â,­8�;´�Â�û,¹NÀÚ¸/Â,ÄV¾V¯�É
»p³2¾GÀV¾/Â�Ç
»p³2¾V¹¼­�Å6·,ÄV®/³2¸V¯/Ë|´�³
»p¸V·,½�·xµ,³�²"³�­2´�µ+Â�»�Â,­�­�·+Ë
106÷8M�

À ¾/Â�Ç
»p³2¾V¹4Ç�µ,³2Ç�ÁÐÀ�Å6·'»p³2´�À�Â,´�·+»p·+µ/À�º2®/³�»p³�¸�É
´�Â�¾V¸/¹��gÈ.Â,­�´,¯Vý*Ì��GÂ,Å"ÈV´,·$¸V¯Vÿ8¸V¿�¿"½2¾/Â,¸V¯Vý/Â&¿Vµ�®/¿V³2´,­%¿*À
Å�Â�Å0ÄV¾/Â,µ,¯�®/·.À��+·+¾V·	�;·"·,Ä/¾V³�Á.³2®/³2¸/¸V·,Ë0µ,³2®/¯VÈV¯V¸/·,Ë*Ì
�g¾V¯9¯/Ç2±6ÈV³2¸/¯V¯:¾/Â+­�ÄV¾V³�Á.³�®.³2¸V¯�¿|½�Â�®.Â,ÅV´�¯VÅ:·+ÄV¾V³�Á.³�É

®/³�¸V¯V³:µ+³2¾���¸V³2Ël½2¾.Â�¸V¯Vý/¹ ÄV¾/³�Á�­2´�Â,µ�®V¿V³�´°­�·+û,·,ËÃû,·,®/³2³
­�®.·�ÿ8¸/±'¶�ÄV¾V·+û�®/³
»p±,ÀÚÅ'·+´�·,¾.Â�¿lÁ.·Ã­�¯�� ÄV·+¾ ¸V³0¾V³%�;³�É
¸/Â/Ì:) ÄV¾V¯V¸/ýV¯VÄV³ ÄV¾V¯�Â,¸/Â�®.¯VÇ2³ Å/¾V±6ÄV¸V·+»�Â+­8�;´�Â,û,¸V·+Ë
­�´,¾V±6ÅV´�±6¾V¹ ¸/±+ÿx¸V· ÄV¾V¯.»p³2¸�¿V´�Æ<»p³�´�·
Á.¹NÀ�ÄV·+Ç2µ,·,®V¿V¶vÉ
²"¯/³;ÄV¾'¿/»p·�¯VÇ�·,û+Ç2·,¾.Â:½�Â�®�Â�ÅV´�¯/Å ¸/Â��+·
Á.¯V´,Æ|»�Â,­%�"´�Â�û
Rmax = Rhom

À ¸.Â Å6·,´�·+¾V·+»_¾.Â,­�Ä/¾V³�Á.³2®/³2¸/¯V³ ­�´�Â,¸V·�É
µ,¯/´,­%¿0·
Á�¸V·,¾V·
Á�¸V¹v»7Ì � Á.¸/Â,Å6·�Ä/·
Á.·,û+¸V¹�³N»p³2´�·
Á.¹�´�¾/³�É
û,±6¶$´�·,û+Ç2·+¾/Â<û,·,®/Æ	�;·,½�·<·,û,üG³�»�ÂVÀ�¾/Â,Ç�»p³2¾ Å6·,´�·+¾V·,½�·
Á.·,®Vÿ;³�¸~ÄV¾V³2µ+·+­;�'·
Á.¯V´�Æ�º2´,·,´�»�Â+­8�"´�Â,ûkµk¸V³
­�Å6·�®/Æ+Å6·
¾/Â,Ç,Ì
<X¸/Â,­2´�·�¿V²"³
»p±:µ,¾V³
»p³2¸V¯°­�Â,»p¹�³Nû+·�®/Æ��"¯V³N·+û,Ç2·+¾V¹

ÅV¾/Â+­�¸V¹�� ­�»p³2²"³�¸V¯VË ½�Â�®.Â,ÅV´�¯VÅ ·'��µ'Â�´�¹�µ'Â�¶&´=¸/³2û,·,®/Æ�É
�"±6¶ È/Â,­2´�Æ$¸/³2û+Â/À2ÈV´,·�»p³=�;Â�³�´&±6µ,³�¾V³2¸/¸V·&·+ýV³2¸V¯/´�Æ&¾/Â,Ç�É
»p³2¾

Rhom
Ì � ±6²"³
­�´�µ+±,³2´0®/¯lµ+³2¾���¸�¿�¿�½�¾/Â�¸V¯/ý/Â0ÅV¾V±6Ä�É

¸V·'»�Â,­8�;´�Â�û,¸/·,½2·0¾/Â+­�ÄV¾V³�Á.³�®.³2¸V¯�¿�½�Â�®.Â�ÅV´,¯VÅ�¯ Å�Â�Å6·,µ'Â
³2³"µ,³�®.¯VÈV¯V¸/Â�> � ´,·9·+­2¸V·,µ+·,ÄV·,®.Â�½�Â,¶&²;¯V³&µ+·,ÄV¾V·'­�¹NÀ.µ,·�É
ÅV¾V±6½gÅ6·,´�·+¾V¹��9¯6Á�±'´x­�Â,»p¹�³gÿ�Â,¾VÅV¯V³N­2ÄV·,¾V¹NÌ

â'ã ä�ã ä.ã@? ö�A ø,ê ö%õ ê.ë�ì�ç�ó
9"µ,³8Êg¾/Â,ÅV´�Â�®/Æ+¸V¹�³;­2´�¾V±6ÅV´�±6¾V¹X­;·
Á�¯V¸/Â�Å6·+µ,·,Ë°Êg¾.Â�Å�É
´�Â�®/Æ+¸V·,Ë"¾/Â�Ç
»p³2¾V¸V·'­�´�Æ+¶<»p·,½2±6´$µ,¹�½!®V¿6Á.³�´�Æg­�·,µ+³2¾+�;³2¸�É
¸V·�ÄV·�É ¾/Â,Ç2¸V·'»p±,Ì')�È/Â,­2´�¸V·'­�´�¯*À�Ä/¾V¯;Ä/·+­�´,¾V·,³�¸V¯V¯;Êg¾.Â�Å�É
´�Â�®/Æ+¸V¹���»p·
Á.³�®/³�Ë�½�Â�®�Â�ÅV´�¯/ÈV³�­2Å'·+½2·~¾/Â+­�ÄV¾/³�Á.³2®/³2¸V¯V¿
·,È/³2¸VÆ�µ'Â�ÿx¸V¹v» ¿Vµ�®V¿V³�´,­%¿<´�·/À ¸/Â,­2Å6·�®/Æ+Å'·lµ+³�®/¯VÅ�·,´�É



BDC�E�FHG%E�I+J	K+LNM�E�KOE�I+P#QRF�COS�T#KOU�VWE�XZY[G%E�\'KOU�]'U^C_E�XZT�C_`bac`dIO`eK#P�fg]%E�I�E�FHG=P+F h=i�j

k+l�m8n+o�p%q#r	k#sNt[l	u�v�p=w�x�y=z�k#n#w{z�p�w|sNt[}+~�m%o�l	o�z�w|n[k#z�y�z��
�Oz	k+k+l�w�w{z	m%��o�z�u�p	�
� z�k���p8q#r�u	�+l�o[�-m8�	l�p%t5��z�u	l�o�pg� h=�����	� k#z�y=��z�q��%o�l

m8��l	t#m%o��	l������	�����;���#���8���	�*l	o�q�z�o�n#k#m8��l	�=l�m8q#l	��z:� q�z��
�+~�k#z�¡ex�l	y=k#z'¢#z	£¥¤�p=�%l¦�b��sN�#z�¡*n�q#n§� u��+p%��r�¡d��¨©l	q#n��
¢+p�m8o���p%k+k+lªq�z	�+~�k#z��#k+l�m%o�r�w|l'«�k#lªl'¬�z��#z	�+o�p=�+n+y%l���z	o�r
��l	k#m%o�z�k+o�l�t[}+�+l�}+l	�#­+n+l	k�z�q#r�k+l�m%o�n F ��m%l	l�o�k+l	��p%k+n#n

Nv(λ > Λ) = FΛ−D, � ��®��
�;��p Nv ¯ ¢+n#m8q#l�}+~�m8o�l�o°�#z�y�w|p%�+l�w λ > Λ ��k+~�o��+n± n+��m8n#�+l	��z�k+k+l��%l�l	u	v_p=w{z���}#�+pd��p%q�z�¬ªm8o��+~��+o	~��#s²�
³ ¤�p´l���k+lµl	}+�+p8��p8q�p%k+n+p¶�	��p8q#n¸·D¹»º+¼�½%¾�¿À½=¹»ÁÃÂ

Ä5Å ¾#Á�½%¹»Æ+Ç;È�É�� h=����Ê�� �©Ë:k+nÌn#m8}+l	q#r	y=l	��z�q#nÍn+y�w|p%k+p=k+n+p
w|k+l'«În+o�p%q+Ï B(~xa) �@y=z���l�k+p°}�q#l�o�k+l�m%o�n�xR�	sN¢+n�mdq+Ï��p=w|l�wÐ�#q+Ï¦��z�«���l	t*m%o��+~��+o�~��+k#l	t*o	l	¢+�+n ~xa

�	k+~�o��+n
��z	�#z�m ± n#��m%n+�+l���z�k#k+s^wÑ�#z'�On+~�m%l�w R x N(r, ~xa, R) =
B(~xa, R) rD �Ò~���z��	k#p%k+n+p h=i�� �²Ó�l��;�Oz¦q�z��#~�k�z��+k+l�m8o�r
l	}#�+pd��p%q+Ï+p%o�m;Ï$��z��@k#l	�#w|n+�#l	��z	k+k#z�ÏÔ��n�m8}+p=�#m8n�Ï@�#z�md�
}+�+p8��p8q�p%k+n�Ï-�%o	l	�%lÎw|k+l'«În+o	p8q+Ï

Φ =
〈(B − B̄)2〉~xa

B̄2
. � ��Ê��

¨©l	k+�#�+p%o�k#sNp²}+�+n#w|p=�+s�m%o��+~��+o�~��-�	k#~�o	�+n ± n+��m8n��
�+l���z�k#k+s�¬Ô�	sNu��#z�k#k+s�¬Ôl	u�v�p=w|l��#x|n#w|p=£¥¤�n+¬$�#z	y%k+~�£
q�z	�+~�k#z��+k#l�m8o	r�m8l��eq�z	m%k+l5�=o�l�w|~°l�}+�+pd�Op8q#p=k+n+£�xWw|l'«��
k+l�k#z	t+o�n-���+k+n+�=p Ä5Å ÇZÉZÕ»¾+½%Ö²ÂÐ× Å	Å Ç©� ��i�i��	� �
Ë:o	w|p%o	n#w�x5¢+o�lØu�l�q#r���z�ÏÙqOz��+~�k#z	�+k+l�m%o�r ± ��z����

o�z�q#r�k+l	�=l-}+�+l	­#p=m%m=z-Ú|p8q#p%Ï��ÜÛ²p=�	nÑ}+l�m8q#~�«În�q�z-}+�+n#¢+n��
k+l�tRo	l	�%l�x%¢+o	l^�%o�zNw|l���p%q#rNu	s�q�z�l�o�u	�#l	��p=k#z���z��©k+pÝm%l��
l	o	�	p%o�m8o���~�£:¤�z�ÏÞ�#p=z�q�r	k+l�w|~��#z�m8}+�#pd��p%q#p%k+n#£ �8z�q�z����
o�n+�Ù�Òßà½=½%Æ+¹»½=á=x h��	��i�� �²â©l�y8«�pÞ�Ím8o�z	o�r	p Ä5Å ¾#Á�½=¹ãÆ+Ç;È�É
� h��	����� u�s�q#l�}+�+l���p�w|l	k#m%o��+n+�+l���z	k+l#x�¢+o�l��#z�m8}+�#pd��p%q#p8�
k+n+p��8z�q�z	�+o�n+�ª¬�l��+l	��l�l	}+n#m%sN��z	p%o	m;Ï ± �#z��#o'z�q#r	k#s^w|n
m8o	�+~��+o�~��#z	w|n�m²w{z�q#l	tgq�z��#~�k�z��+k+l�m8o�r�£§�Òm%w��#�+n#m�� �	� �

ä�å æOåèç	å�é ����ê8�	ë�ì�í�ìî�=ê8ï+ê8��ì�ê
ð �	l�t#m8o	��zñl	�+o�l��%l�k#z�q#r�k+s�¬ò}+�#l	p%�#­+n+tónôm8p%¢#p%k+n+t± �#z	�+o�z�q#r�k+s�¬5m8o��+~��+o	~��Ñn+�=�#z�£:og��z�«Îk+~�£Ð�+l�q#rª}+�+n
z�k�z�q#n+y=pW�	sNu�l	�+l��©�8z�q�z	�+o�n+��mÝ�#z�y%q#n+¢+k+l�t²�%p=l�w|p%o	�+n+p%t
��z��©��q+Ï©���	~�w|p=�+k+s�¬²��z�o�z�q#l��%l��N~��eq�l	�	s�¬©}+l	q#l'«�p=k+n+t�x
o�z��ªng�#q+Ï-o��+p8¬+w|p=�+k+s�¬g��z	o'z�q#l	�=l	���
õ �O���'öe�'�O�%�O�	�O�%í�÷��O��ê%�	ë#ì�íO�+â©~�m%o�r���z	��l�t��øo�l�l�u	vH�

p%�#oÔ�Òm%o��+~��+o�~��#z � m ± ��z��+o�z�q�r	k+l�tù��z�y=w|p=�+k+l�m8o�r�£ D x}+l��%�+~�«�p=k+k+sNt��:p%����q#n���l��	l^}#�+l�m%o��#z�k�m8o���l¥�#z	y=w|p%�#k+l��
m8o	n d ú j x�}+�#l	p%�#o�n+�+~�p%o	m;Ïªl	�+o�l��%l�k#z�q#r�k+l�k#z�p=�	��q#n���l���	~Î}+q#l�m%��l�m8o�rÎm d′ ú � �+Ó�l	�;��z+x+m8l��eq�z	m%k+l�l�u	¤�p%tªo�p%l��+p8�w|p5l�}#�+l	p=�+­+n+n ± �#z	�+o�z�q#l��@�Òm%w�� Ä5Å ¾#Á�½%¹»Æ+Ç;È�É�x h=������û
ü#Å ¹»ý%È	¾+½=Ç=x h=�	��i�� xW}+�+l�p%�+­+n+ÏÞ��z	� ± �#z��+o�z�q#r	k+sNt@l�u	vH�
p%�#o�}+l	q#~�¢#z�p=o ± ��z��+o�z�q�r	k+~�£´�#z�y�w|p%�+k+l�m8o�r Dpr

x{o�z��
�+~�£Í¢+o�l

Dpr = D if D < 2 � �	���
n

Dpr = 2 if D ≥ 2 . � �	���

þ z�}+�#n#w|p%��x{�ùo��+p%¬+w|p%�+k+l�wÌ}#�+l�m%o��#z�k�m8o���pªm%o��+~����
o�~��#z�m ± ��z��+o�z�q�r	k+l�t��#z	y=w|p=�+k+l�m%o�r	£ D ≈ � � ÿù~%�Ol����q�p%o���l	��Ï+p%o�~��#z	�	k+p=k+n+£ � ����� n�x²m8q#pd��l���z	o�p8q#r�k+l#x:p%p
}+�+l�p%�+­#n�Ï§u	~=��p%oÌ�	sN�eq+Ï���p=o�r ��z��§l��Ok+l	�+l��Ok+l	p@�#z�md�
}+�+p8��p8q�p%k+n+p�k#z�}+q#l�m%��l�m8o�n � Dpr ú �	� � ð q#p8��l	��z�o�p%q#r��k+l�xàl��+o�l��%l	k�z�q#r�k#z�Ï�}+�#l	p%�#­+n�Ï$m%�+�+sN��z�p%o ± �#z��#o'z�q#r��
k+sNpîm%o��+~��+o�~��+s m D > 2 � � o�l�n�w|p%p%oÔ��z�«Îk+sNp�}#l��mdq�pd�Om%o��	n�Ï��#q+ÏÔ��n���n#w|l��%lî��z	m8}#�+pd��p%q#p%k#n�ÏÔ�8z�qOz��+o�n#�
k#z�k+p=u	pÎ�À�#z	yd��p%q��#� � � �

� ê8ï+ê%�#ì�ê��������	���%��� å ³ m8q#n�l�u	v�p=�+o�m ± �#z��#o'z�q#r��
k+l�t¶�#z	y=w|p=�+k+l�m%o�r	£ D x[}#l	�%�#~�«�p%k+k#sNt � o��+p%¬�w|p=���k+l�pª½=�	��q�n���l	��lÑ}+�+l�m%o��#z	k#m8o���l#x{}+p=�+p=m%p%��z�p=o	m;Ï$m-l�u	vH�
p%�#o�l�w ± ��z��+o�z�q�r	k+l�t��#z�y�w|p%�+k#l�m8o	n D′ x�o�l	�;��z+x'm8l	�eqOz	md�
k+lgy=z���l�k+~ªz��+��n+o	n+�	k+l�m8o�nî��l��#z�y�w|p%�+k#l�m8o	nÔ�Òm=w�� ÄîÅ ¾��
Á�½=¹ãÆ+Ç;È�É�x h��	����û�ü�Å ¹/ý8È�¾+½%Ç�x h��	�	i�� x��#z�y�w|p%�+k+l�m8o�r�m8p=¢+p%k+n+Ï
Dint
m8o�z	k+l	��n+o	m;Ï �#z	�	k+l�t

Dint = D + D′ − d. � j�i��
þ z�}+�#n#w|p%��x	p=mdq�n ± �#z��+o�z�q#r	k#z�Ï�m8o	�+~��+o�~��#z�m D ú ��°o��+p%¬+w|p%�+k+l�wÌ}#�+l�m%o��#z�k�m8o���p�}+p%�+p�m8p=��z	p%o	m;ÏÞ}�q#l�m8��l��

m8o	r	£ m D′ ú � x:o�l	�;��z*w|s }+l	q#~�¢#z�p�w ± �#z��#o'z�q#r	k#~�£�#z	y=w|p%�#k+l�m%o�r@o�z���l	�=lÞm%p%¢+p=k+n�Ï Dint ú ���©�
	�j ú h � � o�lm8��l	t#m%o��	l[m%p%¢+p=k+n+t�l	u	v�Ï#m8k�Ï+p=o�x�}+l	¢#p=w|~ ± �#z��#o'z�q#r	k�z�Ï
m8o	�+~��+o�~��#z²m D ≈ � w|l'«�p%o©��sN�eq+Ï���p%o	rR��z	� ± ��z��+o�z�qÎm
D ≈ h }+�#n5n#m%m8q#pd�Ol	��z	k+n+n�w{z	m%��o�z�u�l	��x+u	l	q#r	��n�¬ o�l	q+�¤�n#k+s m8q#l'Ï-�#q+Ïù�	sNu	l��+�+n�x���y8Ï+o�l�tîn+y�l	u�y%l��#z[�8z�q�z����
o�n+�-���	n���p²o�l	k#��l�tg}#l�q#l�m8s*k�z�k#p%u	p�m8k+l�tªm ± p%�+p��

ä�å æOå���å�
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^`_)a�t�^-hq_��
s&h�w���|&h�p-v�|�m�s2p�v�w�a�w�s&t�v�|&dew��>j�h�|&y&d���s&a:z:m�w�d�p�d2l�hWh�v
�&h�f�h���a:s&d&�e�2m�p�v�d&{��&w�v�hcl��&d2p�f�a6dU��l�a���_2t���s&d2l�d��� V�Q�����V����(�:�2��O)�(�q���(Q���R)�0� m���a5d&s�v�t�d&v�d&w�s&h�a
�&h�s&d�lnm�s�d&a�hq_2s&h�|&hq_2s&hcp�v�d%l�h���s&hU~�h�|�lnm(f�d�z-h�wcm�v�r�p
�&hcl�h�uWr����&a-|�a:l�a-s�s&h�� M(R) � � m��&|&d�l�a:|�� TWV�Q�����V(��(�q����O)�(�q���(Q���R Rhom

l�h���s&h h��&|�a�_2a-f�d&v�r¡y�m�y¢lnm�p��
�Wv(m�j���s�m�y�h�v�h�|&h�l σ2

M (Rhom) £ 8 Z d�f2def���j�h�a
_)|&t�^-h�a�&h�|&h�^:h�w�h�a�z-s2m��&a-s&d�a ] ��¤¥v�h�h�z:s�m���m�a-v����&v�h�l�h���s�h�|�m�p��p-lnm�v�|&d&wcm�v�r%|2m�p���|&a�_2a-f�a-s�d&a���m�p-v�d&{¦y�m�y¦�&|&d�j�f�d���m(�
�
u�a-aqp`g�y�hq_2s&h�|&hq_2s&hcp�v�d��(aqp�f�d�p-|&a�_2s&g�g�~�f�t�y&v�t�m�{�d�g
lnm�p:p�� w�s&t�v�|&d§p:~�a-|U|2m�_2d&tcp-m Rhom

|�m�w�s�mW�&|&d�l�a:|&s&h
p�|�a�_2s&a:�¨lnm�p-p-a 〈M(Rhom)〉 �#¤¥v�h�v¦lnm�p-�Wv(m�jª©�h�|&h���hh���|&a�_2a-f�a-sH��ych�^`_)m σ2

M (R) → 0 _�f&g R > Rhom
�«U¬ R��2Vi­���O�O+N ¬�®)¯ R�R+�)° |&t�^-d2l¡©�m�|�m�y&v�a-|�s&�}l±lnm�p��

�Wv(m�j�h�l²g&w�f&g&a:v�p`g�_�f�d�s�m�y�h�|&|&a-f&g&{&d&d Rcor
��y�h�v�h�|�m�g

s&aiz:m�w�d�p-d&v³h�v²m�l���f2d&v�t:_2�1ych�|&|&a-f&g&{&d&h�s&s&h��´~�t�s&y��
{&d&dµd/�&|&hcp�v�h±©cm�|�m�y&v�a-|&d&z:t�a:v¶p-ych�|&h�p-v�r¶tcj��>w�m�s&d�g
y�h�|&|�a�f&g&{&d�h�s&s&h��·~�t�s&y&{&d&dH� ° f�d�s�m�y�h�|&|�a�f&g&{&d�d¸l�h��
��a:v�j��>v�r¹j�a:p-y�h�s&a:�&s&h��H�6y�m�yºw'p�f�t���m�a»p�v�a-�&a:s&s&h��
y�h�|&|�a�f&g&{&d�d Rµµ(r) ∝ r−γ �xd�f�d�y�h�s�a-�&s&h����ey�m�y
_�f&g¢¼-y�p-�&h�s&a:s&{&d�m�f�r�s�h��»y�h�|&|&a�f�g&{&d&h�s�s&h��¢~�t�s&y&{&d&d
Rµµ(r) ∝ e−r/Rcor �
½H¾À¿�¾ÂÁ'ÃcÄ&Å�Æ¡Ç�Å�È�È�Ã�É�ÊAË�Ì�Å2ÍÂÍ�Å2Î

ξ Ï`ÐiÑ Í�ÇÂË�ÌÂÌ
Ò d&|&h�y�h%d�p-�&h�f2r�z-t�a:l��}l±y�f2m�p-p�d��&a:p-y&d�l±�&hq_�©�hq_)h�l¡y
m�s2m(f�d&z:t'y&|&t��&s�h�lnm�p-�Wv(m�j�s&h��µp�v�|�tcy�v�t�|&�Óg&w�f&g&a:v�p`g
l�a-v�hq_Ôy�h�|&|&a�f�g&{&d&h�s�s&h�� ξ �Õ~�t�s&y�{&d&d��·Ö×�&a:|&w��>a/h�s
j��#f��&|&d�l�a:s&a-s�y�m�s�m(f�d�z-t�^�m(f2m�y&v�d&y�ØHÙ�Ú`Û�Ü(ÝßÞ�à¡á�Þãâ2ä�åEä
Z 8qæ \ æ ] �ny�h�v�h�|&�>a%zqm�d�lnp-v�w�h�w�m�f�d0a:^-h²d&zªp�v(m�v�d2p�v�d&��a��p�y�h��·~�d&z-d&y�d¸~�f�t�y&v�tcm�{&d&�%�&f�h�v�s�h�p�v�d·h�j��>�&s&h�^:h�^�m(�
z:m Z p-l#�)s�m��&|&d�l�a:|��)çÂä�è�é�ä�Ü%à/ç�Þãê�Û!â&ÞãÚ�ë�� 8qæ�ì�; ] �2í%a-v�hq_j��#f�|2m�z-w�d&v×_)m�f�a-a�d�m�y&v�d&w�s&h}�&|�d�l�a-s�g�f)p`g�yW^�m(f2m�y&v�d��
�&aqp�y&d�l%_)m�s�s&�}l%î�ï-ï:ð&ñãïqÛ Z 8:æ�;�9 � 8qæ�æ [c] dW_2|&t�^-d2l�d Z p-l#��&hcp�f�a�_2s&d&a�h�j�z-h�|&�óò·ä�å!Ú`Þãè�ï-ë�à5ô�ä�ä�åq�Hõ 9�9 õ�öA÷�Ù�è&ïqÛ�ï�Ú
ä�ñø�ù��õ 9�9�ú ] �
û �ùü��þý��0ÿW��O�O+N ¬�®)¯ R2�����2V ® ξ � ��� ��­ ¯ R ®�� R�� ¬ Q�V
� h�^Ef)m�p�s�h±î�ï-ï:ð&ñùï:Û Z 8:æ�;�9 ] � ��� �
	 �����&N����2V ® ­���O�OAN ¬�® �¯ R2�����2V ® ��� ��­ ¯ R ® ξ(r) h���|&a�_2a-f&g&a-v�p`g¨y�m�y¨j�a:z-|�m�z��
l�a-|�s�m(g O+N:� � ¯ R�O)�
��V(�2�2V ® ­���O�O+N ¬�®)¯ R2�����2V ® �
� ��­ ¯ R ®

~�f�t�y&v�tcm�{&d��¡��f�h�v�s&h�p-v�d δρ(~r) = ρ(~r) − ρ0
w�h�y&|�tc^

p�|�a�_2s&a:�i��f�h�v�s&h�p-v�d ρ0

ξ(r) =
〈δρ(~r1)δρ(~r2)〉

ρ2
0

=
〈ρ(~r1)ρ(~r2)〉 − ρ2

0

ρ2
0

. Z3[ æ ]
� m�y&v�d��&a:p-y&d�� ξ �P~�t�s&y&{&d�g���d&j�f)p-m�� ¼:v�h²�&|&hcp�v�h

|&a�_2t�{&d&|&h�w�m�s�s�m(g y�h�|�|&a�f&g&{�d&h�s&s2m(g0~�t�s&y&{�d�g Z t�|�m�w��s&a:s&d&a Z�[ ú ]�] �A_)a�f�a:s&s�m(g¦s�miy&wcm�_2|2m�v%p�|&a�_2s&a:^-h%z-s2m��&a��s&d�gi�&|&h�{&a:p:p-m Z t�|�m�w�s&a:s&d&a Z�[�[�]!] �&v�� a��
ξ(r) = C2(r)/ρ2

0. Z ú�9 ]
Ö p�f�t���m�a¢|�m�p��&|�a�_2a-f�a-s&d&g hq_)d&s�m�y�h�w��#© ��m�p�v�d&{

Z p¢lnm�p-p-m�l�d m = m0 ] d�p���h�f�r�z-t�a:v�p`g y�h�s�{&a-s&v�|�m(�
{&d�g n(~r) = ρ(~r)/m0

�¥_�f&g»y�h�v�h�|&h��»p�|�a�_2s&a:a¸|�m�w�s&h
〈n(r)〉 = n0

���Hh�^`_)m
ξ(r) =

〈n(~r1)n(~r1 + ~r)〉
n2

0

− 1 . Z ú28 ]
¤¥v(mej�a-z-|2m�z:l�a:|&s�m�g¸~�tcs�y&{&d�g¸d�z:l�a-|cg&a:vey�h�|&|�a�f&g��

{&d&d�~�f�t�y&v�t�m�{&d&�6h�v�s&h�p-d&v�a-f�r�s&h
�&h�p-v�h�g&s&s&h���p�|&a�_2s&a-�
��f�h�v�s&hcp�v�d n0

�
Ö v�a-h�|&d&d�p-v�h�©cm�p�v�d��&a:p-y&d�© �&|&h�{�a:p-p-h�w�h�j��>�&s�h

|�m�p-p-lnm�v�|&d&wcm�a:v�p`g �2�!OcT�R(O+����V(���)V ® ­���O�O+N ¬�®)¯ R������)V ®��� ��­ ¯ R ® �·y�h�v�h�|�m�g h��&|&a�_)a�f&g&a:v�p`g y�m�y Kµµ(r) =
C2(r)/σ2

µ = (Rµµ(r) − µ2
0)/σ2

µ
����h�^`_+m¡p�t�uWaqp�v�w�t�a:v

t�p�f�h�w�d&aUs&h�|�l�d&|&h�w�y&d Kµµ(0) = 1 �����&|&a�_)a�f�a:s&d&a ξ �~�t�s&y&{&d�d Z t�|�m�w�s&a-s&d�a Z�[ æ ]!] �&hq_)|�m�z:t�l�a:w�m�a-vxt�p�f2h�w�d�a
ξ(0) = σ2

ρ/ρ2
0
�� M(O+N:��N ¬ N���R)N��&NPO+N�� M � V�Q:Q������
��Q-­�R2S M�O)� ¯ N:Q-Qq�� h�|�|&a�f&g&{�d&h�s&s�tc� ~�t�s&y�{&d&�5l�h���s&h%v(m�y���aUh��&|&a�_2a��

f�d&v�r¸y�m�y l�a:|&tªh�v�y�f�h�s&a-s�d�g |�m�p-�&|&a�_2a�f�a:s&d�g²��m�p�v�d&{
h�v �&t�m�p-p�h�s&h�wcp�y�h�^:h Z hq_2s&h�|&hq_2s&h�^-h ] |�m�p��&|�a�_2a-f�a-s&d&g
Z î�ï:ï-ð&ñùï:Û:� 8qæ�;�9 ] ��Ö ¼-v�hcl p�f�t���m�a�|�m�p-p-lnm�v�|&d&wcm���v�p`g
_2w�a·j�aqp�y�h�s&a:�&s&h lnm�f��>a¸p-~�a:|&� w v�h��&y�m(© ~r1

d ~r2
p

h�j�k�a:lnm�l�d dV1
d dV2

d¡|2m�p-p-v�h�g&s&d&aql/l�a���_2t s&d�l�d
~r12
���Hh�^`_)m�p-t�lnlnm�|&s�m�g w�a:|&h�g&v�s&hcp�v�r�s2m��&v�d hq_2s&t

��m�p�v�d&{�t%weh�j�k�a:l�a dV1
d%_2|&t�^:tc�µ��m�p�v�d&{�t%weh�j�k�a:l�a

dV2
�&|�h��&h�|&{&d&h�s�m(f�r�s�m��&d�p�f2te��m�| dN12

dN12 = n2
0dV1dV2[1 + ξ(~r12)] , Z ú õ ]

^`_2a n0
� p�|&a�_2s�g�g²�&h¸m�s�p-m�l�j�f��ºy�h�s&{&a-s�v�|�m�{�d�g²��m(�

p�v�d&{��6m»~�t�s&y&{�d�g ξ(~r12 ] d&z:l�a:|�g&a:v»h�v�y�f�h�s&a-s&d�a�h�v�&tcm�p-p-h�s&h�w�p-ych�^-h¶|�m�p-�&|&a�_2a�f�a:s&d�g��U¤¥v�h¹h��&|&a�_2a�f�a:s&d&a
�&hq_2|2m�z-t�l�a:w�m�a:v��×��v�h¨_�f&g¢�&t�m�p-p-h�s&h�w�p�y�h�^-h �&|�h�{&aqp-p-m
ξ(~r12) £ 9 m�w�v�h�lnm�v�d&�&a:p-y&d�� ° f&g¡p�v(m�v�d�p�v�d��&a:p-y&d»d&z:h��v�|&h��&s&h�^-hW|2m�p���|&a�_2a-f�a-s�d�g§~�t�s&y&{&d&g ξ(~r12) = ξ(r) z:m��w�d2p�d&viv�h�f�r�y�hxh�vi|�m�p:p�v�h�g&s�d�g r � ° f�g³p�f2tc�2m(g���y�h�^`_+mh�j�k�a-y�v³w��>j�d&|2m�a-v�p`g0d&z·w��>j�h�|&y&d p�f�t���m��&s&�}lµh�j�|�m(�
z-hcl#�>w�a:|&h�g&v�s&hcp�v�r¨v�h�^:h��#�&v�h t»s&a-^:h0aqp�v�r p�hcp�a�_¢s�m
|�m�p-p�v�h�g&s&d&d r w dV Z v�� a�� ú πr2dr ] �&|&h���h�|&{&d�h�s�m�f�r�s�mh���d�_)m�a:l�h�l�t���d�p�f�txp�hcp�a�_)a-� dN

dN = n0dV [1 + ξ(r)] . Z ú [c]o _2aqp�r ξ(r) p��&d�v�m�a-v�p`gÓv�h�����a5_2w�tc©�v�h��&a:�&s&h��
~�t�s&y&{&d�a-� y�h�|�|&a�f&g&{�d&d����&v�h³h��&|&a�_2a�f2a-s�m%t�|�m�w�s&a:s&d��
a:l Z ú õ ]´Z p:l#���nm�z�_2a�f [�[ w¢|�m�j�h�v�a´î�ï-ï:ð&ñãïqÛ-� 8qæ�;�9 ] �
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PRQ(SUT3V�W*S�X*Q,Y*S3Z�Q([US,\3Y�](W�^3_a`*Q,[b`*c�\3d/Q(S,e*Y�S,Vfe*`KZGg�S
e�]3ZhQ(`*ijS,Q,Y*S3Z�`*Q(VhgK[,Y*S�k*^>],Z�Z�S,Y*S3T3Z�l>S3m�SnW�]3Zhk*W�VGoKV�g�Vhp
Y*`6XqY�]<W�]3Z�Z�Q(S�X*Y*`*`

r >
N k�W*`�^>ZGg�S3T,`*`#r0e*Q(SsTtQ,S,e*lBV

r u N Y�]
v>SwoK`*Q,Z�Xtl6],lB](X6pxQ,Sye�]3ZhQ(`�i�]*z
{3|~}B|~}>|U�!�0�h�K�,�

ξ �E��� ���3�����
� Q(V�S3W*`*`�Z�Q(S�v>]3ZhQ(`*e�VLZhl�`6vsk�W*S,i*VwZ�Z�S,TaT3](_aY*S�oKVhg0](Q([
W�],chg�`*e�`*V���Vh_�oK^���^BY*l*i�`6X���`���Y�],k*W*`���VLW#r

ξ(r) � rS,k�W*VGoKV�g�V�Y�Y*d@��`�e*VLW*V�c�ZhW�VGoKY*VLVJk�S�],Y�Z�]3��\(g��yrF`�`6v
S,i�V�Y*l6],��`

ξ̂(r)
r�Y�](k�W*`���V�WArwk�W*`�k*W�`���V�Y*VLY*`*`yl�lBS,Y*VLe6p

Y*S3�JT3d/\,S,W�l>V�mh]
g0](l*Q(`�l#z
� Q(S,\3d�S,i*VLY*`*Q([�oKT3^3v6Q(S3e*V�e�Y*^B����^BY*l*i*`���lBS,W�W*Vhp

g*X*i*`�`tk*S�`���V�����`���Z�Xto0](Y�Y*d@�nT,d/\3S,W*l�`<`*c
Ns
S3\, &p

V�l�Q(S,T�T�k*W*VhoKVhg0]
v�S3\, #Vw��]
Vs
S,\3d/e*Y*S�`�Zhk�S(g�[3c�^,VLQ,Z�X

��V�Q,SwoFr6S3Z�Y*S,T>](Y*Y*d/�tY�]�`�Zhl*^>Z�Z�Q(T,VLY*Y*S¡Zhm�VLY*V�W�`*W*S,T>](Y6p
Y*S>�¢k*^3]3Z�Z�S,Y*S3T3ZhlBS>�£k�W*S,i*VwZ�Z�V,r¤lBS,Q(S3W*d/�¥cw](k*S,g�Y6X*V�Q
Q(S3Q¦_yV�S,\3 #VL�

Vs
T3d/\,S3W*l*`#z�§AS,m�o0]

ξ
pE��^BY*l*i*`*X�o�g�X

cL]
o0](Y�Y*S,mLS���]3Zh¨�Q
],\3]
r
S,i�V�Y*`*T>](VLQ,Z�Xtl6](l�S,Q,Y*S,¨yV�Y*`*V

e*`�ZhgK]yk�](WsZ©Q
](l�`��ªW�]3Z�Z�Q(S�X*Y*`*Vw�n��Vh_�oK^<Y*`K��`JT�T,d¤p
\,S3W*lBV�l�e*`�Zhg�^�Q
](l*`6vqk�](WqTJ`�Z�l*^3ZLZhQ(T3V�Y*Y�S3��k*^>],ZLZhS(p
Y*S3T3ZhlBS>�nW�],Z�k*W*VhoKVhg�VLY*`*`#z
«R^B��VLZ�Q(T,^3V�Q�Y*VwZhlBS(gK[,lBS�T,`Bo0S,T¬S3i*V�Y*S3lf�®­�¯L°�±�²H³*¯�°

¯h´sµ(¶xz·rR¸ N,N3N*¹�º µ,°»´�¼·½*¯L¾¬¿ÁÀ6µ,µ,°Lr
¸ N,N ¸ ¹
Â À6ÃAÄ3Å � rRW�],chpY*`*iK]n��Vh_�oK^�lBS3Q(S,W*d@��`�Z�S3ZhQ,S,`*Q¦mHgK],T,Y*d@�£S,\3W�](cLS3�
T�Zhk*S>ZhS,\3V¬lBS,W*W�V�l*i*`�`�l*WK](V�T3d¤v�ÆL�Ç��V�l�Q(S,TKz!ÈÇ],k*W*`6p
��V�WAr/S,i*VLY*l6]¦É�Æ�T3`�Z�](pËÊ�`�\(gKZL]¦k*W*`*k*`KZhd/T3],V�Q�Q(S,e*l6]3�
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ZhlBS3�qS3\,S(gKS,e*l*`Ar&l>S3Q(S,WK]
XqZ�SwoKV�W>_a`*Q,Z�X¦T�S,\, AVL��V¡T,d¤p
\,S3W*l*`#zKÍ�YK]y`K��V�V�Q¡T3`Bo

ξ̂(r) =

(

Nrd

Ns − 1

)

Np(r)

Np,rd(r)
− 1.

��Î3Î �
ÏKoKVwZh[

Np(r) Ð e�`�ZGg�S�k�],W�ÑEo0],Y*Y*d/VhpÒo0],Y*Y*d/VGÓ�YK]
p\(gK�!o0](Vw��d¤vJS,\3 #V�l�Q(S,T¡Tal6](Q
]
gKS,m�V3r6W�],ZLZhQ(S�X*Y�`*V���Vh_¡p
oK^ÔlBS,Q,S,W*d@��`ÕY�]
v>SwoK`*Q,Z�XÖT×`*Y*Q,V�W*T>]
g�V

r, r + dr
z

Np,dr(r)
\3V�W*VLQ,Z�X�`*cqS3\, #VhoK`*Y*VLY*Y*S3m�Snl6](Q
]
gKS,mh]�o0],Y6p

Y*d¤vØ`Ì`�Z�l*^3ZLZhQ(T3V�Y*Y*d¤vÌZGg�^Be�],�*Y*d¤vUW�]3Zhk*W*VhoKVhgKV�Y*`*�
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=
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Á�Ì�»Ã Ð ¿�Õ
ÈD¹3¼ Ð ÌdÀ�àeÃ
¿�º�Á�»
È�Ä�¾�»X¹8º
»§Í�Ì�á!¹8¿�ÂkÄ�¿�Ú
Í
Åâ¾�Ä Ð ¼�Í�Ï
Ä�¼ Ð à�ÒvÌZÑ6Ì�Ä�È6ÉÎÀ�àeÚ
Å�¾�º
»
È�Ä�¾�»½¾ Ð ÈD¹8Á�È�È�Ê;ßQº
»Û¿�Õ�È�Á
Í
Å
Γ Ï]Üw¼�Á
Í
Õ
Å�Å#Á
È�Á
¼BáWÁ
¿dØ�È6Á
È Ð Å Ð ¿�ÀBÌ�Ä�Ô!Å�¾�Í
¼�¾6¾�Ä�À�È�Á
Á
àeÈÃ
¼BÌ�¾�¾�¿�Á
¿�À�¾�Í
Å
È Ð Ì�¾�Ã Ð ÈD¹8È�º�È�Á
Å
»�Ò(Í�Ì�Íâ×6Ä�¿kÆ�àvº�¿�Á
È�¿�Æ�Ï
ã�¿�¹3Å�É\¿Q¹8º
»kÉ\È6Ä�¿�¹3Ì ξ Ï]Üw¼BÁ�Í
Õ
Å
Å�Êä�å
æ�ç�è!æ�é3ê�ë8æ�ìFå
æ6í6îQï]å3ë�ð�ñ�è	êóòôç�ðõå
æ6í6îQï]å3ë�ð�ñ�è	ê�ö
ßQº
»gÜ Ð Ì�Í
Ä�Ì�º�Ô�Á
¿�Â§¾�Ä Ð ¼�Í
Ä�¼ Ð à Γ Ï]Üw¼�Á
Í
Õ
Å
»Z÷H¼ Ð Ì�À�Á
È�ÏÁ
Å
Èk÷�ø�ù�ú°úeÅâÈ6È	¿�Õ
È�Á�Í�Ìâ÷i¼ Ð Ì�À�Á
È�Á�Å
È�÷)ø ¸ úõúeÅ8É\È�ûYÄk¾�Ä�È�Ï
Ã
È6Á
Á
¿�Â�À�Å�¹µÖ
Γ̂(r) = Γ0r

−γ . ÷)ø�ü�ú
ý Ä�¿P¿�Ú
È6Á
ÔYÀBÌ�áWÁ
¿�È�¾�À�¿�Â�¾�Ä�À�¿Y¿�Õ
È6Á
Í
Å Γ Ã
¿�Ñ�À�¿�º
»
È�ÄYÃ
¿�Ïº�¼�Ú
Å
Ä�ÔgÁ
È�Å8¾�Í�Ì�á!È�Á
Á
¿�ÈdÑ�Á�Ì�Ú
È6Á
Å
È#Ü Ð Ì�Í
Ä�Ì�º8Ô�Á
¿�Â Ð Ì�Ñ�Ï
É\È Ð Á
¿�¾�Ä�ÅkÀ!À�àeÆ�¿ Ð Í�ÈIØ�Ì�º8Ì�Í
Ä�Å
Í�Êþ ¿�Í�Ì�Ñ�Ì�Ä�È�º�ÔZ¾�Ä�È6Ã
È�Á�Å�Òv¿�Ã Ð È�¹8È�º�»
ûYÿ�Å�ÂÛ¼�É\È6Á
Ô�Ù	È�Ï
Á
Å
Èw¼B¾Dº�¿�À�Á
¿�Â#Ã�º�¿�Ä�Á
¿B¾�Ä�Å
γ = D − 3 ÷�ø���ú
Á�Ì�Ñ�àeÀ�Ì�È�Ä�¾�» ç�ðõå
æ6í6îQï]å3ë�ð�ñ�è	ê�� Ê��8¹8È6¾�Ô D � Ü Ð Ì�Í�Ï
Ä�Ì�º�Ô�Á�Ì�» Ð Ì�Ñ6É\È Ð Á
¿�¾�Ä�Ô ÷HÅ�º�Å ÍB¿ Ð
Ð È�º
»
Õ
Å
¿�Á
Á�Ì�» Ð Ì�Ñ�Ï
É\È Ð Á
¿�¾�Ä�Ô D2

úDÊ þ Ð Åd¼BÀ�È�º�Å�Ú
È�Á
Å�Å!¿�Æ�Ç�È�É�ÌPÀ�àeÆ�¿ Ð Í
Å VsÌ�É\Ã
º�Å
Ä�¼6¹3Ì Γ0
¿�Õ�È�Á
Í
Å Γ̂(r) Á
ÈRÉ\È6Á�»
È�Ä�¾�»�ÒµÀ�¿�Ñ Ð Ì�¾�Ä�Ì�ÏÈ�Ä	Ä�¿�º8Ô�Í�¿w¹8Å�Ì�Ã�Ì�Ñ6¿�Ád¹3¿�¾�Ä�¼BÃ�Á
¿�¾�Ä�Å#É�Ì�¾�Ù�Ä�Ì�Æ�¿�À r Ê ý Ä�¿¿�Ñ6Á�Ì�Ú�Ì�È�Ä�Ò8Ú�Ä�¿ Γ(r) ãBÌ Ð Ì�Í
Ä�È Ð Å
Ñ6¼�È6Ä#Ã
¿�À�ÈD¹3È�Á
Å
È	Ã�º�¿�Ä�ÏÁ
¿B¾�Ä�Å ÷iÍ�¿�Á�Õ
È�Á
Ä Ð Ì�Õ
Å�Å8úvÀdÀ�àeÆ�¿ Ð Í�È�Ê�gæ�ñ	�!è!æ�
�ð���ë8ðõå+ð
�6ë8ð�ñ�è!ò3ö ßQº
» Ü Ð Ì�Í
Ä�Ì�º�Ô�Á
¿�Â

¾�Ä Ð ¼�Í
Ä�¼ Ð à�Ò\¿�Ø Ð Ì�Á
Å�Ú
È�Á
Á�¿�Â�¾�À�È Ð ã�¼�Á
È�Í�¿�Ä�¿ Ð àEÉ�É�Ì�¾DÏ
Ù�Ä�Ì�Æ�¿�É Rhom

ÒÓÃ
¿B¾Dº�ÈWÍ�¿�Ä�¿ Ð ¿�Ø�¿ Ð Ì�¾�Ã Ð È�¹8È�º8È�Á
Å
ÈX¾�Ä�Ì�Ï
Á
¿�À�Å
Ä�¾�»�¿�¹8Á
¿ Ð ¿�¹8Á
àEÉA÷iÄ�Ê È�Ê�Å8É\È�ûYÿ	Å�ÉbÜ Ð Ì�Í�Ä�Ì�º�Ô�Á�¼Bû
Ð Ì�Ñ6É\È Ð Á
¿�¾�Ä�Ô D � ¸ ú�¿�Õ�È�Á
Í�Ì Γ Ï]Üw¼BÁ�Í
Õ
Å
Å�È6¾�Ä�Ô
Γ̂(r) = constant, for r > Rhom. ÷)ø�ø�ú
Ë�Ì�Í
Å�É�¿�Æ Ð Ì�Ñ�¿BÉvÒ�É\È�Ä�¿�¹�¼�¾Dº8¿�À�Á�¿�Â Ã�º�¿�Ä�Á
¿�¾�Ä�Å � ×�Ä�¿É\¿�ÿ	Á
àeÂQÅ
Á8¾�Ä Ð ¼�É\È6Á
Äe¹�º�»QÃ
¿�Å�¾�Í�ÌEÃ
È Ð È�ãB¿�¹3Ìv¿�ÄYÜ Ð Ì�Í�Ï
Ä�Ì�º�Ô�Á
¿�ÂXÍ�º8Ì�¾�Ä�È Ð Å
Ñ6Ì�Õ
Å
ÅkÀd¿�Æ�º8Ì�¾�Ä�Ô	¿�¹3Á
¿ Ð ¿�¹3Á
¿�¾�Ä�Å�Ê

� ö � ö � ö
Γz(s)

ò
vpec

�Dé�ì���å3ð�ñ�èYå�æ�ë8ñ�è���æYçDå
æ�ñ�ë����Rñ>î�ï	�
� ï�ë�ò��

� Ì�Í�¿�Æ�¾�¼�á!¹3Ì�º�¿�¾�ÔvÀ Ð Ì�ÑD¹8È�º�È ¸ Ê���Ê ü�Ò6¿�Õ
È6Á
Í�ÌeÃ Ð ¿B¾�Ä Ð Ì�Á�Ï
¾�Ä�À�È�Á�Á
¿�Ø6¿ Ð Ì�¾�Ã Ð ÈD¹8È�º�È�Á
Å
»AØ�Ì�º8Ì�Í
Ä�Å
Í�Ã
¿bÍ�Ì�Ä�Ì�º�¿�Ø�Ì�É
Í Ð Ì�¾�Á
àvã�¾�É\È�ÿ	È�Á
Å�Â�¿B¾�Á
¿�À�àeÀBÌ�È�Ä�¾�»TÁ�Ì�ÍB¿�¿ Ð ¹8Å
Á8Ì�Ä�Ì�ã
÷ α Ò δ Ò zobs

úDÊ ��¾�Ã
¿�º�Ô�Ñ�¼�»�Ä�È§á!È�¿�Æ�¿�Ñ�Á�Ì�Ú
È6Á
Å�»�Ò\Ú
Ä�¿ZÅ
À Ð Ì�Ñ�¹8È�º8È ¸ Ê �
Ê üR¹�º�» s, r⊥

Ò r‖ Ò�É\¿�áWÁ
¿kÑ�Ì�Ã
Å�¾6Ì�Ä�ÔX¹�º�»¼�¾�º�¿�À�Á
¿�Â Ã�º�¿�Ä�Á
¿�¾�Ä�Å ÀkÃ Ð ¿�¾�Ä Ð Ì�Á�¾�Ä�À�ÈdÍ Ð Ì�¾�Á
àvã ¾6É\È�Ï
ÿ�È6Á
Å
Â
Γz(s) = Γz(r⊥, r‖obs).

÷)ø
!�ú
" ¿�¿�Ä�Á
¿�Ù	È�Á
Å�È�É\È�á!¹8¼P¼�¾Dº8¿�À�Á�¿�ÂPÃ�º�¿�Ä�Á
¿�¾�Ä�Ô�ûTÀ Ð È�Ï

Ì�º8Ô�Á
¿BÉÛÃ Ð ¿B¾�Ä Ð Ì�Á�¾�Ä�À�È Γ(r) Å�ÀkÃ Ð ¿B¾�Ä Ð Ì�Á�¾�Ä�À�ÈdÍ Ð Ì�¾DÏ

Á
àvãX¾6É\È�ÿ	È�Á
Å
Â Γz(s)
Å8É\È�È�ÄdÀ�Å�¹

Γz(r⊥, r‖obs) =

∫

g(~r, ~w)Γ(r)d3w, ÷)ø
#�ú
Ø�¹8È ~w = ~v1−~v2

¿�Ä�Á�¿�¾�Å�Ä�È�º�Ô�Á�Ì�»�Ã
È6Í
¼�º
» Ð Á�Ì�»Q¾�Í�¿ Ð ¿B¾�Ä�Ô
Ã�Ì Ð à Ø�Ì�º3Ì�Í
Ä�Å�Í�Á�Ì Ð Ì�¾6¾�Ä�¿�»
Á�Å
Å ~r ¹ Ð ¼BØ�¿�Äg¹ Ð ¼�Ø�Ì
Ò�Ì
g(~r, ~w) � Ð Ì�¾�Ã Ð È�¹8È�º8È�Á
Å
Èk¿�Ä�Á
¿�¾�Å
Ä�È�º�Ô�Á
àvãJÃ
È�Í
¼�º
» Ð ÏÁ
àvãF¾�ÍB¿ Ð ¿�¾�Ä�È�Â�Ê$�8¹3È6¾�ÔJÍ�¿�É\Ã
¿�Á
È�Á
Ä�à ¿�Ä�Á
¿B¾�Å
Ä�È�º�Ô�Á
¿�Ï
Ø�¿ Ð Ì�¾6¾�Ä�¿�»
Á
Å
» ~r Ñ6Ì�¹3Ì�ûIÄ�¾�»T¾Dº�È�¹8¼�ûYÿ	Å�É\Å�Üw¿ Ð É\¼6º3Ì�ÏÉ\Å r1 = r⊥

Ò r3 = r‖obs −w3/H0
Ò�Å r2 = r2

⊥ +(r‖obs −
w3/H0)

2 Ê% Ä�¿�Æ�à À�¿�¾6¾�Ä�Ì�Á�¿�À�Å�Ä�Ô ¼�¾�º�¿�À�Á
¼�û Ã�º�¿�Ä�Á
¿�¾�Ä�Ô À
Ð È�Ì�º�Ô�Á
¿�É Ã Ð ¿�¾�Ä Ð Ì�Á�¾�Ä�À�È Ã
¿ÞÁ
È�Ã�¿�¾ Ð ÈD¹3¾�Ä�À�È6Á
Á
¿ÞÁ�Ì�Ï
Æ�º8ûf¹3Ì�È�É\¿�Âx¼B¾Dº�¿�À�Á
¿�ÂxÃ�º�¿�Ä�Á
¿�¾�Ä�Å À Ã Ð ¿�¾�Ä Ð Ì�Á�¾�Ä�À�È
Í Ð Ì�¾�Á
àvãW¾�É\È6ÿ�È6Á
Å
Â�ÒBÁ
¼BáWÁ
¿QÀ�àeÃ�¿�º�Á
Å�Ä�Ô�Í�¿�É\Ã�Ô�ûYÄ�È Ð Ï
Á
¿�ÈbÉ\¿�¹3È�º�Å Ð ¿�À�Ì�Á
Å
È�Å�¾�Í�¼�¾�¾�Ä�À�È6Á
Á
àvãôÜ Ð Ì�Í
Ä�Ì�º8Ô�Á
àvã
¾�Ä Ð ¼�Í
Ä�¼ Ð ¾gÅ�Ñ�À�È�¾�Ä�Á�àEÉ\Å½Ã
¿�º�»�É\ÅÛÃ
È�Í
¼�º
» Ð Á
àvã½¾�Í�¿�Ï
Ð ¿B¾�Ä�È6Â�Ò(Ì#Ñ�Ì�Ä�È�É½¾ Ð Ì�À�Á
Å�Ä�Ô�É\¿�¹3È�º�Ô�Á
¿�È Γmod(s)

¾�Á8Ì�Ï
Æ�º8ûf¹3Ì�È�É\àEÉ Γz(s)

Ê

� ö � ö &8ö
Γ
�('*)�ë�ç,+8òBì-�Dé�ì ñ�ï/.
ï�ë�ò��

0 ¾�º�Å À Ä Ð È�ã
É\È Ð Á
¿BÉ Ã Ð ¿�¾�Ä Ð Ì�Á�¾�Ä�À�È�Ü Ð Ì�Í�Ä�Ì�º�Ô�Á�¼Bû
¾�Ä Ð ¼�Í
Ä�¼ Ð ¼WÃ
È Ð È6¾�È�Í�Ì�È6Ä�Ã�º�¿B¾�Í�¿�¾�Ä�Ô�Ò�Ä�¿�Ø�¹+ÌQ¿�áWÅ�¹3Ì�È6É\¿�È
Ñ�Á8Ì�Ú
È�Á
Å�ÈQÜ Ð Ì�Í
Ä�Ì�º�Ô�Á
¿�Â Ð Ì�Ñ�É\È Ð Á
¿B¾�Ä�Åg¾�È�Ú
È6Á
Å�»§Ñ6Ì�¹3Ì�Ï
È�Ä�¾�»X¼ Ð Ì�À�Á
È�Á�Å
È6Éó÷ ¸ ùBúDÖ
Dint = D − 1. ÷1!�ù�ú

% Ä�¿�Æ�à ¿�Ã Ð È�¹8È�º�Å�Ä�Ô Γ Ï]Üw¼�Á
Í
Õ
Å
û ¹8º
» À�àeÆ�¿ Ð Í
Å�ÒÍ�¿�Ä�¿ Ð Ì�»ÎÃ Ð È�¹3¾�Ä�Ì�À�º�È6Á�Ìó¹8À�¼�É\È Ð Á
àEÉ ¾�È6Ú
È�Á
Å�È6ÉvÒdÉ\à
Æ�¼6¹8È�ÉkÅ�¾�Ã�¿�º�Ô�Ñ�¿�ÀBÌ�Ä�Ôf¹3À�¼�É\È Ð Á�¼Bû�¾�Å�¾�Ä�È6É\¼wÍ�¿�¿ Ð ¹8Å
Á�Ì�Ä
~y = (y1, y2)

Ò�¹�º
»gÍ�¿�Ä�¿ Ð ¿�ÂgÉ\¿�áWÁ
¿RÀ�àeÚ�Å�¾Dº�Å�Ä�Ô#Üw¼�Á
Í�Ï
Õ
Å
û Γint(y) ÊË�Ì�Í�Ì�»g¾�Å
Ä�¼BÌ�Õ
Å
»�À�¿�Ñ�Á�Å
Í�Ì�È�Ä!ÀW¿�Æ�Ñ�¿ Ð Ì�ã#Ø�Ì�º8Ì�Í�Ä�Å
Í�Ò
Å�É\È6ûYÿ�Å
ãRÀ�Å�¹§Ä�¿�Á�ÍB¿�ÂRÃ
¿�º�¿�¾�à½Á�Ì	Á
È�Æ�È6¾�Á�¿�Â#¾6ÜwÈ Ð È�ÒBÀ
¾Dº8¼BÚ8Ì�ÈPÅ�¾�¾�º�ÈD¹8¿�À�Ì�Á
Å�»XÉ�Ì�¾�Ù�Ä�Ì�Æ�¿�À r Ò�Ã Ð È�À�¿�¾�ãB¿�¹�»
ÿ�Å�ãÄ�¿�º�ÿ�Å
Á�¼�¿�Æ�Ñ�¿ Ð Ì
Ê32�Ì�Ã Ð Å�É\È Ð Ò\¹�º
»bÅ�¾�Ä�Å
Á
Á
¿�ÂbÜ Ð Ì�Í�Ï
Ä�Ì�º�Ô�Á
¿�Â Ð Ì�Ñ�É\È Ð Á�¿�¾�Ä�Å D � ��Ü Ð Ì�Í
Ä�Ì�º�Ô�Á�Ì�» Ð Ì�Ñ�É\È Ð ÏÁ
¿B¾�Ä�Ôw¾�È6Ú
È�Á
Å
»	Æ�¼6¹8È6Ä Ð Ì�À�Á�Ì Dint � · Ê " º�ÈD¹8¿�À�Ì�Ä�È�º�Ô�Á
¿�ÒÉ\à`¿�áWÅ�¹3Ì�È6ÉAÃ
¿�º8¼BÚ�Å
Ä�Ô ¾�Ä�È�Ã�È�Á
Á
¿�È#Ã
¿�À�È�¹8È�Á
Å�È#¾�¿�¿�Ä�Ï
À�È6Ä�¾�Ä�À�¼�ûYÿ	È�Â Üw¼�Á
Í�Õ
Å
Å Γint(y) ∝ y−1 Ê42wÅ
á	È!Æ�¼6¹8È�Ä
Ã
¿�Í�Ì�Ñ6Ì�Á
¿�ÒBÚ
Ä�¿WÄ�È6¿ Ð È�É�Ì!¿R¾�È�Ú�È�Á
Å
ÅkÜ Ð Ì�Í
Ä�Ì�º�¿�À	Ã
¿BÉ\¿�Ï
Ø�Ì�È6ÄvÃ
¿�Á�»
Ä�ÔEÃ
¿�À�ÈD¹8È6Á
Å
È�¾�Ã
È�Í
Ä Ð ÌEÉ\¿�ÿ	Á
¿�¾�Ä�Å�Àe¿�Æ�Ñ�¿ Ð Ì�ã
Ä�Ì�Í�¿�Ø6¿	Ä�Å
Ã�Ì
Ê

57698�6;:=<?>A@CBEDFBEGED
ξ H G Γ HJILK B�MENEG�G

� ö &3öPO�öRQÓð�ð�è!ë�ð��!ï�ë�ò3ïIîQï	ST�U)
Γ
ò

ξ

�wÑb¿�Ã Ð ÈD¹8È�º�È�Á
Å�Â ¼B¾Dº�¿�À�Á
¿�ÂôÃ
º�¿�Ä�Á�¿�¾�Ä�Å Γ ÷H¼ Ð Ì�À�Á
È�Ï
Á
Å
È	÷1�,�BúõúÓÅWÍ�¿ Ð�Ð È�º
»
Õ�Å
¿�Á
Á�¿�ÂWÜw¼�Á
Í
Õ
Å
Å ξ ÷H¼ Ð Ì�À�Á�È�Á
Å
È÷WV · ú°ú�É\àAÅ�É\È6È6É�¾�¿�¿�Ä�Á
¿�Ù�È�Á�Å
È�Ö
ξ(r) =

Γ(r)

n0
− 1, ÷1! · ú

È6¾�º�Å ¾�¼�ÿ�È6¾�Ä�À�¼�È�Ä_¾ Ð ÈD¹3Á�»�»ÝÍ�¿�Á
Õ�È�Á
Ä Ð Ì�Õ
Å�» n0
Ð Ì�¾DÏ

¾�É�Ì�Ä Ð Å
ÀBÌ�È�É\¿�Ø�¿ ¾�Ä�¿�ã�Ì�¾�Ä�Å
Ú
È�¾�Í�¿�Ø6¿ Ã Ð ¿�Õ
È6¾6¾�Ì
ÊYXIÆ�È
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nporqksktku�uwv
Γ
u

ξ x_ykz,{kyk|~}���y o ��{��,z q��R�?uL�F�����,s }�� �kuA�
�	} uksA�,�?u �/}�� �F� �	} u�� �\� s ���/�R� � � t �U�/� �k� }U� �,�
� qku ��� � �	��� �
{�� qk� � ��u-o ��{���z uku7�C� }�� t � q } �k� � n � � �k�U�C� � �/} ��q��
�� �U��yk},��y�z�}�� �ksA��� �	} ��oFs } or�k� �C�R� q��,s � � �/��� o�qku��?u
z��/���/����� o ���\�	},z o �\}��J{ or� � sr� y �����/q�ukt�� � Γ(r) � � �	� �
�	} � z�{kyk�\}_�k��{ q�o | s � �k� �/{ky tku � qkqko | nporqksktku | � }��,��� �sA��s

ξ(r) � � ���4�	} � z,{kyk�/} � ��� ortku�� �,z ��qkqko | s � �k� �/{ky �tku � qkqko | nporqkskt�u |��/}�� �F� �	} uk� �\� s ���/�$� � � t �\�\� � �
��}��,}n���s }R���/{ � �\}��/z,�����	}�z � �/�,��}�z,�\},�	}�z o |~� uk� � t � q � s ξ
u

Γ � u {�  q �~��}\{ uk��� |¡� u��?u ��y �U� }��~� �,¢ y�� q yk�/} ����� { uk�ku �
z~����{ or��� � �?�$�p£ } u��?u�� �/},�U� �,�?u � t � q�sr��� ��� sA���U� }��/{ky
�	},�/�k� qkuLs � �k� �/{ky tkuku¤u��3� �	¥�} ����� �U� q � � �U� q �F�	} u �¦ �~or��� z q � qku y v1§ Z x ��{��	� o �\}=�	���,} q ��¥=� qku � � �/��� o
� t � qksA�,�?u ��{ky s � q � �kq ����z �_� � �ks�u � � { ��s } uks©¨

ξ̂FS(r) =
Γ̂FS(r)

n̄
− 1.

v1§Fª x
« ���U�	  ξ̂FS

q��,�/� z � �/}���y¬� t � q�s ���®­¯z®����{ qk�$� � � � �
{�� �ksA�
�F°J� ����� s �,{�  sko � q�� �,� � �����/{kyk�/}���y � � � � � � t � qksko
Γ
�?s �,},� ��� y¬z �_�ku �	{kyk�/},��y±���k� � �,�� ,|²� n � �ku�� �\� skuA�

� � ��{�� � � s7� �k�,{ q ���/}� ,|±�k��� �ko ��� qkqk�$� z�� �,¢ � � z �_� � �A�sku �
� t � q�sr� Γ̂

v1or��� z q � qku � v´³�µ x¶x�· £ }��¸z��/�/��� � �k� �
{���� u }��/{�  q�� y nporqkskt�u y �pu�� �/|¡� � y¹�	}��\�k� q�q �,�ºz u �
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Å$Æ�Ç�ÈEÉUÊ�É�ËGÌ�Ê	ÍsÈ�Í�Î�Í�Ï�Ð	Í´Ð	Ñ�Æ�Ò8Ê	Æ�Ì	Ï	Æ�ÓCËGÌ	Í#Ô	Ò8ÊSÕ�Æ�Ö{×
Ï	Æ�ËGÒ8ÐuÐ-Ô%Æ�Ê	Ê	Í�Î	Ø	Ù	Ð	Æ�Ï	Ï�É8ØxÚ$Û%Ï	Ô�Ù	Ð�Ø-Ë�Ü8Ø	Ñ#É�Ï	ÝÞËGÆ�Æ�Òj×
Ï	Æ�ß�Í�Ï�Ð	Í#Õ
P (k) = 4π

∫

ξ(r)
sin(kr)

kr
r2dr . à µ#á�â�ã

ä1É�Ô	Ð�Õ�Æ�å�Ê�É8Ñ�Æ�Õ)ÓsÈ�Î�ØzËGÒ�Í�Ì	Í#Ï	Ï	Æ�æ�Ô%Æ�Ê	Ê	Í�Î	Ø	Ù	Ð	Æ�Ï	Ï	Æ�æ
Ú$Û%Ï	Ô	Ù	Ð�Ð

ξ(r) ∝ r−γ Ë�Ì	Í�Ô�Ò8ÊçÕ�Æ�Ö�Ï	Æ�Ë�Ò8Ð5ÒjÉ8Ô	è�Í�Ð�Õ�ÍG×
Í�ÒTËGÒ�Í�Ì	Í#Ï	Ï	Æ�æéÜ�Ð�È

P (k) ∝ kγ−3 È�Î�Ø�Æ�Ç#Ê�É8Ï�Ð	ê	Í�Ï�Ï	Æ�Ç#ÆÈ�Ð�É�Ì�É8Ñ#Æ�Ï�É´Õ¦É�ËGß�Ò
É�å�Æ�Ü
k1 < k < k2 ë�ì Î	Ø,Õ¦É8Î�Ý)í

k
à Ô�Ê	Û%Ì	Ï	Ý*Í�Õ¦É�ËGß�Ò
É�å�Ý λ > Rs

ã Ë�Û�Ö�Í#Ë�Ò8Ü�Û�Í�ÒîÌ	Ê	ÍGÈ�ÍGÎ
Ð	Ñ�× ÑVÉ´Ê�É8ÑVÕ�Í�Ê�É5Æ�å�Ñ#Æ�Ê�É

Rs
Ó ê	Ò8ÆçÈEÉ8Í#Ò

P (k) → 0
È�Î	Ø

λ → Rs ëï�É8Ñ�Æ�Ü�Ý*æLËGÌ	Í#Ô	Ò8Ê
φ(~k)

Ï�Í#ËGÍ#ÒðÜ�Éjè&Ï	Û%ñòÐ	Ï�Ú$Æ�Ê�×
Õ¦É8Ù�Ð	ñ�Ó�È�Æ�Ì	Æ8Î�Ï	Ð	Ò8Í�Î�ó�Ï	ÆôÔ

P (k) ë5õ Æ�ÑVÕ�Æ
è&Ï�ÉjØöÏ	Í�×
ÇGÉ
Û�Ë#ËGÆ�Ü�Æ�Ë�Ò8ó)ËGÜ�Æ�æ�ËGÒ�Ü�Ô�Î�É�ËGÒ8Í#Ê	Ð	Ñ#É�Ù	Ð	Ð�ÓVÒ ë Í ë Ï	Í�ÆVÈ�Ï�Æ�Ê	ÆVÈ�×Ï	Æ�ËGÒ8ó{Ú4É�Ñ�Æ�Ü�Æ�Ç#ÆNË�Ì	Í�Ô	Ò�Ê�É	Ó�å�Ý)Î�ÉNÊ�É�Ë�Ë�Õ�Æ�Ò8Ê	Í#Ï�É4Ü4Ê�É�å�Æ8×
ÒjÉjíT÷dø�ù?ú�û	ü&ýþ÷dÿ������#Ó�� á�á�á Ð5÷dÿ��	�
�*ýþ÷dø�ú�û	ü�Ó�� á�á�á ë� ËGÏ	Æ�Ü�Ï�É8ØzÌ�Ê	Æ�å�Î�Í#Õ¦É{É�Ï�ÉjÎ�Ð	Ñ#É{Ë�Ì	Í�Ô�Ò8Ê�É�Õ�Æ�Ö�Ï	Æ�ËGÒ8Ð
� ÒjÉ$èzÍ�Ë�É�Õ¦ÉjØ�Ó�ê�Ò8Æ4È�Î�Ø0Ô�Æ�Ê	Ê	Í�Î	Ø	Ù	Ð	Æ�Ï	Ï	Æ�æ&Ú$Û%Ï	Ô	Ù�Ð	Ð�

ËGÊ�ÍsÈ�Ï�Ø�Ø0Ì	Î�Æ�Ò8Ï�Æ�ËGÒ�ó

ρ̄
ÈEÆ8Î	è&Ï�É4å�Ý*Ò8ó{í�Æ�Ê	Æ�ß�Æ4Æ�Ì	Ê	ÍsÈEÍG×

Î�Í#Ï�ÉzÜzÌ�Ê	ÍsÈ�Í�Î�ÉjíMÆ�å��1Í#Õ¦É�Ü�Ý*å�Æ�Ê	Ô	Ð ë� È�Ï�É�Ô�Æ�Ó¦Ì	Ê	Í#Ð�Õ�Û%Ö�Í#Ë�Ò8Ü�Æ
P (k)

×�Õ�Í�Ò8ÆVÈEÉîË�Æ�Ë�Ò8Æ�Ð	ÒUÜ
Ò8Æ�Õ)Ó�ê	Ò8Æ³Ì	Æ�Ô�É8ÑVÉ8Ò8Í�Î�ó&ËGÒ8Í#Ì	Í�Ï�Ð

γ
Õ�Æ
è&Ï	Æ&Æ�Ù	Í#Ï	Ð	Ò8ó³å�Í�Ñ

Ð�Ë�Ô%É8è�Í#Ï	Ð�ØMÌ�Æ
P (k)

È�Î	Ø´Õ¦É�Ë�ß�ÒjÉ8å�Æ�Ü
λ < Rsph

max ë
��������������������� �"!$#�%�&�')(�&*!+')(�!$&��,%�&�-.�,/
ì Î	Ø&ËGÒ8Æ
í%É�Ë�Ò8Ð	ê	ÍVËGÔ	Ð�í3Ú$Ê�É8Ô�Ò
É8Î�ó�Ï�Ý)í�Ì	Ê	Æ�Ù	Í#Ë#ËGÆ�Ü{Õ�Æ
è3×Ï	Æ Ü�Ý*Ì	Æ8Î�Ï�Ð	Ò8ó ï�Û�Ê�ó�ÍG×�É8Ï�ÉjÎ�Ð	ÑvÌ	Æ�Î	ØÞÚ$Ê�É8Ô	ÒjÉ8Î�ó�Ï	Æ�æ
Ì�Î�Æ�Ò8Ï	Æ�ËGÒ8Ð à1032 �?ÿ��541ú76�ù7û	ù$ý98;:,�#û�<�ÿ��?ú�Ó µ
=�=�> Ó 032 �?ÿ��41ú�6	ù?û	ù)�.?5ú7� ë Ó µ�=�=�¶�ã ë)õA@ Ò8Ð�í Ê�É8å�Æ�ÒjÉjíxå�Ý)Î�Æ Ü�Ü�ÍGÈ�ÍG×
Ï	Æ�Ì�Æ�Ï�Ø	Ò8Ð�Í5Æ�å�Æ�å�Ö�Í�Ï	Ï�Æ�Ç�ÆîË�Ì	Í�Ô	Ò�Ê�É�Õ�Æ�Ö�Ï	Æ�Ë�Ò8Ð

Π(k)Ú$Ê�É�Ô	ÒjÉjÎ�ó�Ï	Æ�Ç#Æ�Ì	Ê	Æ�Ù	Í#Ë#Ë�É�ÓjÔ�Æ�Ò8Æ�Ê�Ý*æzÆ�Ì	Ê	ÍGÈ�ÍGÎ	Ø	Í#Ò�Ë�Ø�ê�ÍG×
Ê	Í#Ñ¯Ì	Ê	Í#Æ�å�Ê�É8Ñ�Æ�Ü�É�Ï	Ð	Í¯ï{Û%Ê	ó�Í¯Û�ËGÎ�Æ�Ü�Ï	Æ�æ Ì�Î�Æ�Ò8Ï	Æ�ËGÒ8Ð
Γ(r)




Π(k) = 4π

∫

Γ(r)
sin(kr)

kr
r2dr . à µ#á�B�ã

C$Æ�Ë�Ô�Æ�Î�ó�Ô�Û5Û�ËGÎ�Æ�Ü�Ï�ÉjØéÌ�Î�Æ�Ò�Ï	Æ�Ë�Ò8óçËGÒ�Æ
í�É�Ë�Ò8Ð	ê	ÍVËGÔ%Æ8×
Ç�Æ Ú$Ê�É�Ô	ÒjÉjÎ�ó�Ï	Æ�Ç#Æ-Ì�Ê	Æ�Ù	ÍVË�Ë#ÉvÐ�Õ�Í�Í#ÒAËGÒ8Í#Ì	Í�Ï	Ï�Æ�æðÜ�Ð%È
Γ ∝ r3−D Ó�Ò8ÆMÈ�Î	ØçÆ�å�Æ�å�Ö�Í#Ï	Ï	Æ�Ç�Æ³Ë�Ì	Í�Ô	Ò�Ê�ÉMÕ�Æ�Ö�Ï	Æ�ËGÒ8ÐÕ�ÝLÒjÉ8Ô�èzÍ5Ì	Æ8Î�Û�ê�É8Í#ÕþËGÒ�Í�Ì	Í#Ï	Ï	Æ�æSÜ�Ð%È

Π(k) ∝ k−D ëD È�ÍVËGó
D � Ú$Ê�É�Ô	ÒjÉjÎ�ó�Ï�ÉjØ Ê�É�Ñ#Õ�Í#Ê	Ï	Æ�Ë�Ò8ó�ÓNÔ%Æ�Ò8Æ�Ê	Û%ñ�Ó

ËsÎ�ÍsÈ�Æ�Ü�É8Ò�ÍGÎ�ó�Ï	Æ�Ó�Õ�Æ
è&Ï	Æ�Ì	Ê�Ø�Õ�Æ�Ð�Ñ#Õ�Í�Ê�Ð	Ò8ó�Ì�ÆzË�Ì	Í�Ô	Ò�Ê	Û
Õ�Æ�Ö�Ï	Æ�Ë�Ò8Ð ë � å�Æ�å�Ö�Í�Ï	Ï	Ý*æ-ËGÌ	Í#Ô	Ò8ÊvÕ�Æ�Ö�Ï�Æ�ËGÒ�Ð � @ Ò8ÆÛ#È�Æ�å�Ï	Ý*æ3Ð	Ï�Ë�Ò8Ê	Û�Õ�Í�Ï	ÒNÈ�Î	Ø&Æ�Ì	Ð�Ë#É8Ï	Ð	ØzÜ�Ý�ËGÆ�Ô%ÆNÐ	Ê	Ê	Í#Ç�Û�×
Î	Ø	Ê	Ï�Ý)íMËGÐ�Ë�Ò8Í#Õ Ë$Ú$Ê�É�Ô	ÒjÉjÎ�ó�Ï	Ý�Õ�Ð�Ë�Ü�Æ�æ�ËGÒ8Ü�É�Õ�Ð ë
�������E���GFH&*!$#JIK'"&MLN'"�O�+/�/QP�R�S�&T�$��/
õ ËsÎ�Û%ê�É�Í0Ü�Ý*å�Æ�Ê	Ô	ÐîÜçÜ�Ð%È�ÍMÒ8Æ�Ï�Ô�Æ�Ç�ÆçË�Ê	Í�ÑVÉ�È�Î	Ø,Õ¦É�Ës×
ß�ÒjÉ�å�Æ�Ü�ÓsÌ	Ê	Í#Ü�Æ�Ë�í�ÆVÈ�Ø	Ö�Ð	íyÕ¦É8Ô�ËGÐ�Õ¦ÉjÎ�ó�Ï	Û%ñ�Ë�Ú$Í�Ê�Û�Ó�Ì�Æ8Î	×
Ï	Æ�ËGÒ8ó�ñ Ì�Æ�Ç�Ê�Û�èzÍ�Ï	Ï�Û�ñ Ü Ü�Ý*å�Æ�Ê	Ô	Û�Ó)Ç�Í�Æ�Õ�Í�Ò8Ê�Ð�Ø-Ê�É�Ës×
Ë�Õ¦É�Ò8Ê	Ð	Ü�É8ÍVÕ�Æ�æxËGÒ8Ê�Û�Ô�Ò8Û%Ê	ÝöÚ4É8Ô	Ò�Ð	ê	Í#Ë�Ô	ÐxÌ	Ê	Ð�å8Î�Ð�è3Éj×
Í�Ò�Ë�Ø Ô ËGÍ#ê	Í�Ï�Ð	ñ Ò8Ê	Í�í�Õ�Í#Ê	Ï	Æ�æAÚ$Ê�É8Ô	ÒjÉ8Î�ó�Ï	Æ�æ-Ë�Ò8Ê	Û%Ô�×
Ò8Û%Ê	ÝvÌ�Î�Æ�ËGÔ%Æ�Ë�Ò8ó�ñ ë$U Î�ÍGÈ�Æ�Ü�É8Ò8Í�Î�ó�Ï	Æ�Ó	ËGÆ�Ç¾Î�É�Ë�Ï	Æ3Ò8Í�Æ�Ê	ÍG×

Õ�Í�ÆéË�Í�ê	Í#Ï	Ð	Ð°Ú$Ê�É8Ô	ÒjÉjÎ�Æ�Ü à Ê�É8ÑGÈ�ÍGÎV� ë â ë B�ã Ó Æ
è&Ð%ÈEÉ�Í�Òj×Ë�Ø�Ó)ê	Ò8Æ°È�Î	ØvËGÒ8Ê�Û�Ô�Ò8Û%Ê	Ý ËéÐ�Ë�Ò8Ð	Ï	Ï�Æ�ævÚ$Ê�É8Ô	ÒjÉ8Î�ó�Ï	Æ�æ
Ê�É�Ñ#Õ�Í�Ê�Ï	Æ�Ë�Ò8ó�ñ

D
Ð	Ñ#Õ�Í#Ê	Í�Ï	Ï�ÉjØ5Ï�É&å�Æ8Î�ó�ß�Ð�íTÕ¦É�Ë�ß�ÒjÉj×

å�É8í0Ú$Ê�É8Ô	ÒjÉ8Î�ó�Ï�É8Ø0Ê�É8ÑVÕ�Í�Ê	Ï�Æ�ËGÒ�ó�Ü�Ý*å�Æ�Ê�Ô	Ð0å�Û#È�Í#Ò�Ê�É�Ü8×
Ï�É

Dint = D
× µ ëXW Ò8Æ Æ�Ñ�Ï�É
ê�É8Í�Ò
Ó{ê�Ò8Æ ËGÛ%Ö�Í#ËGÒ�Ü�Û%ñ�Ò

Ò8Ê	Ð�í%É8Ê�É�Ô	Ò8Í�Ê�Ï	Ý)í0Ð	Ï	Ò8Í#Ê	Ü�É8Î�É3Õ¦É�Ë�ß�ÒjÉ8å�Æ�Ü�Ì�Æ�Ü�ÍGÈ�Í�Ï�Ð�Ø
ËGÌ�Í�Ô	Ò8Ê�É³Õ�Æ�Ö�Ï	Æ�Ë�Ò8Ð

P (k)
Ð�Î�Ð

Π(k)

 µVã È�Î	ØçÕ¦É�ËGß�Ò
É8×

å�Æ�Ü
λ < Rsph

max

Ì�Æ8Î�Û%ê�É�Í#Õ
P (k) ∝ k−D Ë³Ì	Æ�Ô�É8Ñ#É�Ò8ÍG×

Î�ÍVÕ Ë�Ò8Í�Ì�Í�Ï	Ð�Ó�Ê�É8Ü�Ï	Ý�Õ-Ð�ËGÒ8Ð�Ï	Ï	Æ�æ�Ú$Ê�É8Ô	ÒjÉjÎ�ó�Ï	Æ�æ�Ê�É�ÑG×
Õ�Í�Ê�Ï	Æ�Ë�Ò8Ð�YZ� ã È�Î	Ø~Õ¦É�ËGß�ÒjÉ8å�Æ�Ü

Rsph
max < λ < Rs

Ì	Æ8×
Î�Û%ê�É�Í#Õ

P (k) ∝ k−(D−1) Ë,Ì	Æ�Ô�É8Ñ#É�Ò8ÍGÎ�Í#ÕÞËGÒ�Í�Ì	Í#Ï	Ð�Ó
Ê�É�Ü�Ï	Ý�Õ�Ú$Ê�É8Ô	ÒjÉ8Î�ó�Ï	Æ�æ�Ê�É8Ñ#Õ�Í#Ê	Ï	Æ�ËGÒ8Ð&ËGÍ#ê	Í�Ï�Ð�Ø�Y�[ ã È�Î�Ø
Õ¦É�Ë�ß�ÒjÉ8å�Æ�Ü

λ > Rs
Ì	Æ8Î�Û�ê�É8Í#Õ

P (k) → 0
Ð�ÑG× Ñ#ÉNÔ%Æ�Ï	Í#ê�×

Ï	Æ�Ç�ÆzÊ�É8ÑVÕ�Í�Ê�ÉzÜ�Ý*å�Æ�Ê	Ô�Ð ë
\^]�_^]a`cb3dfehghikjmlfn�opg�n3dfqricjmbtspofufipvxw7y+z�ghik{}|�~

w7ghi
���E�������c�f($'.���O���+�h�7��� �"!$#�%�Rp� ������LN'��$%�&�-"�,'"�

U Û%Ö�ÍVËGÒ8Ü�Û�Í�ÒéÏ	ÍVËGÔ%Æ8Î�ó�Ô%ÆçÆ�Ì�Ê	ÍsÈ�Í�Î�Í�Ï�Ð	æxÚ$Ê�É8Ô	ÒjÉ8Î�ó�Ï	Æ�æ
Ê�É�Ñ#Õ�Í�Ê�Ï	Æ�Ë�Ò8Ð�
�í%É
Û�Ë\È�Æ�Ê�Ú$Æ�Ü�ÉçÊ�É8Ñ#Õ�Í#Ê	Ï	Æ�ËGÒ8ó

DH
ÓdÊ�É�ÑG×

Õ�Í�Ê�Ï	Æ�Ë�Ò8ó4Ì	Æ�Ô�Ê	Ý*Ò8Ð�Ø&Ð�Î�Ð3ÍVÕ�Ô�Æ�ËGÒ8Ð
Db

Ó8Ô%Æ�Ê	Ê�ÍGÎ	Ø	Ù	Ð�Æ�Ï�×
Ï�É8Ø�Ê�É�Ñ#Õ�Í�Ê�Ï	Æ�Ë�Ò8ó

D2
Ó8Ê�É�Ñ#Õ�Í�Ê�Ï	Æ�Ë�Ò8ó4Õ¦É�Ë�Ë#Éj× È�Î�Ð	Ï�É

Dmà Ô�Ê�É8Ò8Ô%Æ�ÍéÆ�Ì	Ð�Ë#É8Ï	Ð	Í�È�Î�ØvÉ�ËGÒ8Ê	Æ�Ï	Æ�Õ�Æ�ÜxË�Õ ë Ü Ô	Ï	Ð�ÇGÉjí
� 0 4p���OY��5ú7�T?\ù?û��"�*ý 0 ú�ú��#Ó7� á�á � ã ë#ì Î	Ø&Ë�É�Õ�Æ�Ì	ÆVÈ�Æ�å�Ï	Ý)íÊ�É�ËGÌ	Ê	ÍGÈ�ÍGÎ�Í�Ï	Ð	æMÜ�Ë�Í @ Ò�Ð³Ê�É�Ñ#Õ�Í�Ê�Ï	Æ�Ë�Ò8Ð³Æ�å�Ý*ê	Ï	Æ�Ê�É8Ü�Ï	Ýà Ð ≤ d � Ê�É8Ñ#Õ�Í#Ê	Ï	Æ�ËGÒ8Ð´Ì	Ê�Æ�ËGÒ�Ê�É8Ï�Ë�Ò8Ü�É3Ü�Î�Æ
è�Í#Ï	Ð�Ø ã ë	õÌ	ÆVÈ�Æ�å�Ï	Ý)íyÌ	Ê	Æ�Ë�Ò8Ý)íNËGÎ�Û%ê�ÉjØ�í$Õ�ÝUå�Û#È�Í#Õ�Ð�Ë�Ì	Æ8Î�ó�Ñ�Æ�Ü�É�Ò8ó
ËGÐ�Õ�Ü�Æ8Î

D
È�Î	Ø @ Ò8Æ�æMÆ�å�Ö�Í�æ�Ú$Ê�É8Ô	ÒjÉ8Î�ó�Ï	Æ�æ0Ê�É�Ñ#Õ�Í�Ê�Ï	Æ8×ËGÒ�Ð ëCì Î	Ø-Õ�ÛVÎ�ójÒ8Ð�Ú$Ê�É8Ô	ÒjÉ8Î�ó�Ï	Æ�Ç�Æ~É8Ï�É8Î�Ð	Ñ#É�Ó)Ô�Æ�Ò8Æ�Ê�Ý*æ

Æ�Ì�Í�Ê	Ð	Ê�Û�Í�Ò{Ë�Æ�Ü�ËGÍ#ÕUË�Ì	Í�Ô	Ò�Ê	Æ�ÕîÚ$Ê�É�Ô	ÒjÉjÎ�ó�Ï	Ý)í3Ê�É8ÑVÕ�Í�Ê�×
Ï	Æ�ËGÒ8Í#æ�Ó�Ü�Ë�ÍyÊ�É�Ñ#Õ�Í#Ê	Ï	Æ�Ë�Ò8ÐTÏ	Û�è&Ï	Æ�Ê�É�Ë�Ë#Õ¦É8Ò8Ê�Ð	Ü�É�Ò8ó3Æ�Òj×
È�Í�Î�ó�Ï	Æ ë�4É�Õ Û�è�Í Ü�Ë�Ò8Ê	Í#ê�ÉjÎ�É�ËGóÞÚ$Ê�É�Ô	ÒjÉjÎ�ó�Ï�ÉjØ Ê�É8ÑVÕ�Í�Ê�×
Ï	Æ�ËGÒ8ó3Õ¦É�Ë#Ë�Éj× È�Î�Ð�Ï�É

Dm
Ü3Õ�ÆVÈ�ÍGÎ�Ð�Õ�Ð	Ê�É&ï�Û%Ê	Ï	ó�Í�Ó%Ô%Æ8×

Ò8Æ�Ê�ÉjØ,å�Ý)Î�ÉéÌ	Æ�Ë�Ò8Ê	Æ�Í�Ï�É�ÒjÉ8Ô�Ó¦ê	Ò�Æ
M(r) ∝ r

Ð1Ó ËsÎ�Í�×
È�Æ�Ü�É8Ò�ÍGÎ�ó�Ï	Æ�Ó

Dm � µ ë$W Ò8Æ³å�Ý)Î�É&Ì�Í�Ê	Ü�ÉjØ´Õ¦É8Ò8ÍVÕ¦É8Ò8Ð	ê�ÍG×ËGÔ�É8Ø´Õ�ÆVÈEÍGÎ�óMÊ	Í�Ç#Û#Î�Ø	Ê	Ï	Æ�æéÚ$Ê�É8Ô�Ò
É8Î�ó�Ï�Æ�æ´ËGÒ8Ê�Û�Ô�Ò8Û%Ê	Ý4Ó
Ì	Ê	Ð�Õ�Í�Ï	Í#Ï	Ï�ÉjØTÔ%Æ3Ü�ËGÍ#æ õ Ë�ÍGÎ�Í#Ï	Ï	Æ�æ ë�¦É8Ñ#Õ�Í#Ê	Ï	Æ�ËGÒ8ó{Ì�Æ�Ô	Ê	Ý*Ò�Ð�Ø&Ð�Î�Ð0ÍVÕ�Ô�Æ�ËGÒ8ó{Õ�Ï�Æ
è�Í#Ë�Ò8Ü�É
S ⊂ <p Æ�Ì	Ê	ÍGÈ�ÍGÎ	Ø	Í#Ò�Ë�ØMÔ�É�Ô

Db = lim
ε→0

log N(ε)

log(1/ε)
, à µVá�>�ã

Ç�È�Í
N(ε) � Õ�Ð	Ï	Ð�Õ¦É8Î�ó�Ï�Æ�Í{ê	Ð�ËsÎ�Æ

P
× Ê�É8ÑVÕ�Í�Ê	Ï�Ý)íMå8Î�Æ8×

Ô%Æ�Ü*Ü�ÍGÎ�Ð	ê�Ð	Ï	Ý
ε
Ó�Ï	Í#Æ�å
í�ÆVÈ�Ð�Õ�Æ�Í�Ósê	Ò8Æ�å�ÝîÌ	Æ�Î�Ï	Æ�Ë�Ò8ó�ñ,Ì	Æ8×

Ô	Ê	Ý*Ò�ó0Õ�Ï	Æ
è�ÍVËGÒ8Ü�Æ
S ë

õ ËsÎ�Û%ê�É�Í�Ì	Ê�Æ�ËGÒ�Ê�É8Ï�Ë�Ò8Ü�Í#Ï	Ï	Æ�Ç�Æ�Ê�É�ËGÌ�Ê	ÍsÈ�Í�Î�Í�Ï�Ð�Ø0ÇGÉj×
Î�É�Ô	Ò8Ð	Ô

p � [�Ï	Û�è&Ï	Æ3Ð	Ñ�Ü�Î�Í�ê�ó�Ð	Ñ$Ü�Ý*å�Æ�Ê�Ô	Ð³Ô	Û%å à Ò�Ê	ÍGí%×Õ�Í�Ê�Ï	Ý*æ0å8Î�Æ�Ô ã Ó�Ü�Ï	Û%Ò8Ê	Ð0Ô%Æ�Ò�Æ�Ê	Æ�Ç�Æ{Ü�Ý*Ì	Æ8Î�Ï	Ø	Ò8ó{Ü�Ý*ê�Ð�Ës×
Î�Í#Ï	Ð�Ø3Ê�É8ÑVÕ�Í�Ê	Ï	Æ�ËGÒ8Ð3Ì	Æ�Ô	Ê	Ý*Ò8Ð	Ø

Db ë �4É8Ô�Î�Æ�ÏzÇ�Ê�É�Ú$Ð	Ô�ÉÚ$Û%Ï	Ô	Ù	Ð�Ð
log N(ε)

Æ�Ò�Ï	Æ�Ë�Ð	Ò8ÍGÎ�ó�Ï	Æ
log(1/ε)

ÈEÉ�Í�Ò4Æ�Ù	Í�Ï�×
Ô	Û0Ê�É8Ñ#Õ�Í#Ê	Ï	Æ�ËGÒ8ÐTÌ	Æ�Ô	Ê	Ý*Ò8Ð�Ø ëÅ$Æ�Ê	Ê�ÍGÎ	Ø	Ù	Ð�Æ�Ï	Ï�É8ØuÊ�É8ÑVÕ�Í�Ê	Ï�Æ�ËGÒ�ó

D2
Æ�Ì	Ê	ÍGÈ�ÍGÎ	Ø	Í#Òj×

Ë�Ø�ê�Í�Ê	Í#Ñ&Ì	Æ�Ô�É8ÑVÉ8Ò8Í�Î�óTËGÒ8Í#Ì	Í�Ï	ÐUÔ%Æ�Ê�Ê	ÍGÎ	Ø	Ù�Ð	Ð
γ
Ü�Ì�Æ8Î	×
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∑
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±�ä�°�¯ Ä æ Ä ¯�°�¶�Á�±�±@¹-¶�ä�ä�·$Æ¡Â 8 ³�® Ä ¯3²w¯�ä�ä�¶�áSâ�¶�ê3¶L��°�³ » ³
­
æ�³ Ä ¶U³Gâ Ä ¶�å�°�¶�µ�½�ä�³�­�°�±@å�¶�­�¶�¯�°�­yáS²w¯:°�³3¹�±�å�±S³�Å Ä ¶ ¾Å�³�°�å�±�ä�¶�Å�µ�à)¹-¶�°�¯
µ�½�ä�·$Æ0¹-¶�ä�ä�·$ÆH´X³�Å�ê:³ Ä ³�® » ¶�µ�¶�å�°�±�å�¸
±N­
³o­ Ä ¯
¹�³�°�³�À�¯�ä�¶0®�³�å Ä ã » °�³ » ³�Ð�å�¶�å;³�Å�ä�¶ Ä ã�éN±�°�½ æ Ä ³ ¾­
° Ä ¶�ä�­�°�®�¯:ä�ä�·=¿H²5¶�­�ð °�¶�Å�Ð�ä�¶ åo³�°�³ Ä ³�²Q³3¹�ä�³ Ä ³3¹�ä�³�­
°�½
­
°�¶�ä�³�®�±�°�­yá Ä ¯3¶�µ�½�ä�³�­�°�½�à+Â

M ³�®�·=¯U¶�­�æ�¯�å�°�· ±�±�ä�­
° Ä ã�²w¯:ä�°�· ¹�µ�á Ä ¯�ð+¯�ä�±�á
æ Ä ³�Å�µ�¯3²w·�ä�¯�³3¹�ä�³ Ä ³3¹�ä�³�­
°�±Næ�³9á�®�±�µ�±�­
½�ä�¶+­
Á�¯:ä�¯�Ðoå%³ ¾» ¹-¶;® Ä ¶�Å�³�°�¶�ÆFN)É:Í�Ì�ÈaÊ�OrÔ�ÍQP�É�ÒhÞ�ËfÌ�Ê]´ �:º%ÏJR Ð �3ºoÏ�Ï Ð �:º�Î�� Ð



S�T�UWVYX�UJZ\[H]\^%_`UW]aUWZ\bQc�V;Tad�eQ]afWg U�hDijX�Ulkm]afWnmf�ToU&hDelToprq�psZap9]Qb�tun�UJZ!UWVYX�b\V vxw\v

yozJ{H|Q}\~Qzjw\�Q���������0�l���m�����W���W�����s�0�H�Q�!�����J�������J�x�!�m�6�0�\�W�H�����a�H�!�W�����

�&�x !¡ ¢�£H¤H�H¥\¡ ¦K¥\§s 0¨�§�¤
vx©HªHªJ«¬§�­ ®Q¯H°\±�²\³µ´�±�¶Y· ¸�¹µºa´ »�§�¼�½�|Q¾\¥\¿\¡%§K}\§�¥!zJ¥lÀ�}\Á\§�Â�Ã\}\§Ä¨��x !§�|Q}
v�©lwJªJ«¬§ ÅÇÆ!ÈJ±�¹É³µ´�±xÊ\Ë&´�¹µ´�ÌÎÍ;ÊQÏ�°\²!¶�Ð�ÈJ±�Ñ ÒK¥\}Q¤J§�¥\}Q}Ó{;§�Â�Ãl�;¿\§�ÁQ¿\�H¼��Ô¨�}\¥Qz

¦ÄzJ¥!zm !�;Ã&Â�¡ Õ�³É²QÖ�ÌD´�³É²oÊ!Ë&´�¹µ´�ÌÎÍ ×6zWÀYÊ\Â�¤mzH{H}�|!ØH¿\�lÂ�¤JØ!Ê&Â�¥\§s a¿�¾�¾Ó¤H�HÁ\Ã�z
Ë&ÆQÈHÙ\¹É´�ÍHÊ!ÚaÛ%³ÝÜ9Ñ&ÍHÊ\¸�º!´�¹É¹ ÞÇ}�|QØ;¿QzW¾Ó¼�zW|!zHÃ\¤J}\Á\§xÂ�Ã�zW¾ÓÃ�|!z;Â�¤J§�¥\}\ß�zH~\}�¾

vx©HàHªJ«¬§�­ Å�ÈJ±�Ù!´�²lÌD´�±xÊ�áK³µÈH²\âQÊ\áÄÈH±�È;Ü9Æ\´�²lÌ9Ö�´�ã ÞÇ£H§�¥;À�Ã�|azHÂ�¤H§�¥\}\ßxzJ~\}\¾j !�äv�ª;ªÔå6æ\Ã
v�©&çWªJ«¬§ è�´�ÍlÐ�ÈH²�Ê!Ë�Ü�¯JÌ�Ì é�£;½;À�½&¥\�;£H¿\§�£;zW¾�}\§�¥QzJ¥lÀ�}\Á\§xÂ�Ã�zW¾ä¨��x !§�|!Ø

¶�´Äê ÈJ°!Ü�¯H°Q¹É´�°\±�Ö ÒK�lÂ�¨�}\ÁQ§�Â�ÃQ}\ëäß�zJÃ&�;¿Fæ�|Q�;¤J¿\�lÂ�¤JØJ­l¥QzW !}\½;Â
Â�Ãl�;æ�|Q§�¿\}�¾

ρ(r) ∝ r−γ æQ¥\} γ = 1.7} ì�ìÔì�ìÔì�ì�ìÔì�ìÔì�ìí­ ì�ìÔì�ìÔì�ì�ìÔì�ìÔì�ì�ì�­
�x !¿\�;¥\�x !¿\�lÂ�¤JØ î�°\ºQº\¹É´ ï� !¿Q�H¥\�x !¿Q�;Â�¤HØÔ}\ßÄæQ�x aÂ�Á\§�¤J�H£�¼�zW|azJÃ\¤J}QÃ

log N(m) = 0.6m+
Ü�¯;²QÖÎÌ9ÈJ²lÌ

¸�ÐÔºQÈJ±DÌ�ÖD°\Ð�³ÝÈJ²�Ê\î�¯H¹µÐ�ºa´�±�âQÊ\®\´xÖ�´�²\ÑH¯ ¦K§�¥\§�¨�§�¿\¿QzJ¾uð�Ã�Â�¤J}\¿\~\}\¾Ó£j×ä|!§�Á\¿\�l¨ñ¦K½&¤J}
Ë\ÈJ²Q¶\ÈHâH´;Ê&ò�ÈJÐ�Ð�ÈJ²Q²�ÊQî�ÈH±�¶\Í óÄ}Q¿\§�ë\¿Q¡%ëußxzJÃ&�H¿Óô'zH{H{J|az�¿Qz

< 30
å`æ\Ã

õ�´�º!ÖÎÌ�´�±xÊ\Ï�¯H²Qâ;ÈJ³µ± öKß��H¤H¥\�Hæ\}\¾u¥QzW !}\�H}!Â�¤J�;Á\¿\}\Ã&�H£
õ�´�±�Ì�÷HÊQø�¯;²\²\¯H±xÊ&õ�´xÖDÖD¯H²oÊ\¸�¹ÉùúãH´�² û�}\ß�}\Ã�z�}\§�¥QzH¥lÀ&}Që

vx©lçWªJ«¬§�­ î'ÈJâ;âH´�±DÌÎÍHÊ\Ë&´�ãH´�±D²\´;Ê&ü ±D³µâH¯;âH³µ²\´ é�}\¿Qz;¨�}\Ã�z�è�«¬¤H§�|`£�}\§�¥QzH¥lÀ&}\¾�À
v�©;ýHªJ«¬§ òo¯HÌ�ÖD°WþÎ³ÿÊ!áK³ÉÆQÈH±�ÈQÊ&ü�´�´�º\¹µ´�Ö

w ∝ θ−0.8 ⇒ ξ ∝ r−1.8å6ÈJ²Q¶\´�¹µº\±D¯HÌ û�¥QzHÃ\¤WzW|Q¡ÄÊ\¨�½x|QØW¤J}��K¥QzJÃ\¤WzJ|Q¡
ξ

ø ÈJ±�Í�Ö�ÆQ´�ã0Ê&ü�´�±�¶QÈJ²\â ¦K§�¥\£H¡%§ÄÂ�£;}& !§�¤J§�|QØlÂ�¤J£lz
D = 2

�
} Ïo´�±�²\´�±xÊ\Ë�Ü9Æ&°\¹µÐ�ÈH²�Ê!Ë&´�³µ¶\´�²

M(r)
Ê
z(r)

Ê!Â�¤WzH{H}�|QØ;¿\�;Â�¤JØQÊ&æ\§�¥\Ã&�J|\¾\~Q}�¾
Γ
« ì�ìÔì�ìÔì�ì�ìÔì�ìÔì�ìí­ ì�ìÔì�ìÔì�ì�ìÔì�ìÔì�ì�ì�­

�K½&¿\Ã\~Q}\} �'Èmã&³ÝÖ�Ê�ü�´�´�º\¹µ´�Ö
γ = 1.8

Ê
r0 = 5

å`æ\Ã�Ê!wHªHª;ª�¼�zJ|!zJÃ\¤H}\Ã
Õ ³É²!ÈHÖ�ÌD¯QÊ!áK¹ÉÍ&Ù\³µ²�Ê\á'¯HÙ&Í&¹É¯Wã0Ê&ø�ÈHÆQÜ�ÈH¹É¹

r0
ßxzJ£;}QÂ�}\¤��H¤�¼9|Q½&{;}\¿\¡ }ä¤J}\æ!z

ü ³µ´�ÌD±�¯H²Q´�±�¯ ×`§�¤H�x 
Γ
«��K½&¿\ÃQ~\}\}

ü ³É´�ÌD±�¯H²\´�±D¯!ÊQË�ÈJ²!¶�´�±9Ö�ÊQÅÇ¯;¹É´�Ð�ÈH² ¦K§�¥\£;¡��K¥QzHÃ\¤WzW|QØ;¿\¡%ëuzH¿QzW|!}\ß�Å�ù ¸
ü�³É´�ÌD±�¯H²\´�±D¯!Ê���°���²\³ÿÊ0Å�ÈJ¹µ÷�´�ÌDÌD³�´�Ì�ÈJ¹
	 ï'{��Y¾QÂ�¿\§�¿Q}\§

r0(Rs)
H¯;²\´�Ö�Ê�å6ÈJ±DÌD³µ²\´�÷;ÊQË�ÈHÈH±�Ê�Õ�³É²QÈ;ÖÎÌ�¯
D2 = 1.2

Ê
D0 = 2

ÊQ¨�½x|QØW¤H}��K¥QzJÃQ¤mzJ|��
Ë�Íl¹µ¯;Ö Ï�ÈJº\³µ²\³¬ÊQå`¯H²lÌ�°\¯H±�³ÿÊ&ü ³µ´�Ì�±D¯;²\´�±�¯

D ≈ 2
æ\��£;Â�§�¨ñ¤J¥\§�À\¨�§�¥\¿\¡�¨ Ã�zJ¤WzW|Q�;¼�zH¨

vx©H©HªJ«¬§�­ õ�°�ÊQÏ�ÈJÆQÈmã0Ê��%´�´xÖ û�¥QzJÃ\¤WzJ|QØH¿\�lÂ�¤JØ
r < 30

å`æ\Ã
wJª;ªHªJ«¬§ ò�´�´�±D³µÑH¯;±DÙ\³¬Ê�î�ÈH²QÖ�Ñ&³¬Ê\ò Æ\´�°Q±D´xÈJ°Ó´�Ì�ÈJ¹
	 ò%®

< 200
å`æ\Ã ⇒ D = 2.2

Ê\áÄÏ��'è
ü+ÈJÌD°\±�´�¹¬Ê\òo´�´�±�³ÉÑ;¯H±�Ù\³¬Ê\ÅÇ¯;°\±DÌD¯H³ÝÖ ¦K�x 0Â�Á\§�¤J¡ Ï�Õ���¸

< 15m � 0.44m
Ê
D = 2.2û�¥QzHÃ\¤WzW|Q¡ ø ÈJ±�Í�Ö�Æ\´�ã0Ê&ø�°\Ñ&Æ\Ð�È;ÖÎÌ�¯WãmÈ  !£H½lÀ�¤J�HÁQ§�Á\¿QzJ¾uæ�|!�H¤J¿\�lÂ�¤JØ!�

D = 2.1¿!z Ú0´�ÆQÈmã&³Y´�Ì�ÈH¹�	��¬Ë��KË\ËFÌD´�ÈHÐ��
ξ(s) ∝ s−1.2 Ê!wH©�àHªHªÔ¼�zW|azJÃ\¤J}QÃ¤J¥\§�À\¨�§�¥\¿\¡ ÀäÃ�zJ¥\¤WzJÀ î�ÈmÛ%Ñ&³µ²QÖ�´�Ì�ÈJ¹
	��ÿwH¶\®����'ËjÌ�´�ÈHÐ��

ξ(s) ∝ s−0.75 ÊQwJª;ª�ª;ªHªÔ¼�zW|!zHÃ\¤J}\Ã D = 2.25}QÂ�Ã�z���§�¿\}\¾uæ\§�Ã\½x|\¾\¥\¿\¡�¨�}`Â�Ã&�;¥\�;Â�¤�¾Q¨�}��
��¯HÌ�Ì%´�Ì�ÈH¹�	��ÿË��KË\ËFÌD´xÈJÐ�� ��§�|Q}\Ã�zJ¾`ÞÇ¤J§�¿QzjÞ�|Q�;zH¿Qz\Ê� HªHª�å`æ\Ã

v�©;ýHý!� {H¡ |Q�F£H£H§� !§�¿Q�jæ\�H¿\¾\¤J}\§"�K¥QzJÃ\¤WzJ|!z#	Yûí¥!zJÃ\¤WzW|!¡
ì Â�z;¨��Hæ\�x a�H{H¿Q¡%§KÂ�¤J¥\½&Ã\¤J½&¥\¡GÂ� 0zW|QØ;¿\�x !§�ë!Â�¤J£;½!$&%�}�«
¨�} Ã&�H¥\¥\§�|\¾\~\}�¾Q¨�}�ì {;¡ |Q} �H{H¿!zJ¥\½!�Ô§�¿\¡ £'�K}\ß�}\Ã&§HÊ
z�ß�zH¤J§�¨�æ\§�¥Q§�¿\§xÂ�§�¿Q¡=¿QzÄz;Â�¤J¥Q�H¿\�l¨�}\Á\§�Â�Ã\}\§%¨+zHÂ)(�¤WzJ{;¡
ì �;¤ Â��H|Q¿\§�ÁQ¿\�HëñÂ�}QÂ�¤H§�¨�¡$}ñ¨�§)��ß�£H§�ßs !¿\¡ ÀL�;{J|!zHÃl�;£
 !�íÂ�Ãl�;æ�|Q§�¿\}\ë�¼�zW|azJÃ\¤J}QÃ�	&û�¥QzHÃ\¤WzW|Q¡ ¿QzíÂ�zH¨�¡ À�Ã\¥\½&æ�«
¿\¡ À�¨+zHÂ*(Ô¤WzJ{;zJÀ Â�¤WzW|!� £H�Hßx¨��+��¿\�=¿!zJ{J|�$� azJ¤JØ {H|!zW«
¼��x 0zJ¥l¾j¿\�H£;�HëFz;Â�¤J¥Q�H¿\�l¨�}\Á\§�Â�Ã&�Hëj¤J§�À�¿\}\Ã&§K}\ß�¨�§�¥\§�¿\}\¾
Ã\¥Qz;Â�¿\¡ À�Â�¨�§,%�§�¿\}\ë� Q|\¾j¤H¡�Â�¾\Áj¼�zW|!zHÃ\¤J}\Ã�£ÔÂ��H£;�HÃ\½&æ�«
¿\�lÂ�¤J})Âj¨��-%�¿\¡�¨�}L¤H§��H¥Q§�¤J}\ÁQ§�Â�ÃQ}Q¨�}ñ¨�§�¤H�x azH¨�})zH¿QzW«
|Q}\ßxz' azJ¿Q¿\¡ À.	lï'¤JÃ\¥\¡%¤H¡�¨�}j£H�;æ\¥\�;Â�zH¨�}�æ\§�¥Q£H�;Â�¤J§�æQ§�¿�«
¿\�;ë)£;z/��¿Q�;Â�¤H}L¾\£J|\¾#$'¤HÂ�¾�� v0�í¼� !§F¿QzJÀ;�x !}Q¤HÂ�¾)¼�¥QzH¿\}�«
~QzFæ\§�¥\§�À;�x az��;¤1�K¥QzHÃ\¤WzW|QØ;¿\�;Â�¤J}`Ã6�x !¿Q�H¥\�x !¿Q�;Â�¤H}��í}

w��oÃ�zJÃ&�H£lz%£H§�|Q}\Á\}Q¿Qz��K¥QzJÃ\¤WzJ|QØH¿\�;ëÄ¥QzJßx¨�§�¥\¿Q�;Â�¤H}Ô¥Qz;Âs«
æ\¥\§� !§�|!§�¿\}�¾ä¼�zW|azJÃ\¤J}QÃ��

2�354�37698�:<;�=?>A@!B�C7@ED�F<;�:<8
G�HJI-HJI�H�K �r�0���Q�!���;�Ä�í�*L �x�NM��!�Q�������Q�Q�9���PO+�Î�0�����
� Â�£;�H§�ë.æ\§�¥\£H�;ë?Â�¤WzH¤JØH§ æ\��Ã&�;Â�¨��H|Q�H¼�}\}Q� Õ ³É²!ÖÎÌ�´�³µ²�Ê
v�©Qvmç��9RÇë\¿#(Ô¤J§�ë\¿Óæ\¥\}Q£H§�|äzJ¥\¼�½�¨�§�¿\¤J¡ £Ôæ\�H|QØHß�½��x !¿\�J«
¥\�x !¿Q�;Â�¤H}�	lï'¿��H¤H¨�§�ÁQzJ§�¤mÊHÁ\¤J�K|�$�{;zJ¾�Ã&�;¿\§�Á\¿!zW¾Ôß�£H§�ßs Q«
¿QzJ¾`Â�}QÂ�¤H§�¨+z�}QÂ�æQzJ¥Q}\¤HÂ�¾`£j{H§xÂ�Ã&�H¿Q§�Á\¿\�lÂ�¤JØ�}\ß�«¬ßxz�£H¿\½l«
¤J¥\§�¿\¿\}�À�¼�¥!zJ£H}Q¤mzH~\}\�;¿\¿\¡ À�£;ß�zJ}!¨��x !§�ëQÂ�¤J£H}Që�	;ï'¿�¤WzJÃ�«
�Ô§GæQ�x !Á\§�¥QÃ\¿\½x|oÊFÁQ¤J�$¿QzJ{H|�$� azH§�¨�¡%§ zHÂ�¤J¥\�;¿\�;¨+z;¨�}
Â�Ã&�;¥\�;Â�¤J}Gß�£;§�ßs ?¨+zJ|Q¡ÄÊ�Á\¤J� ¼��H£;�H¥\}\¤ æQ¥\�H¤J}Q£ {H�H|QØJ«



S0T-T UWV)X.YWZ"[]\�^�_�[)[`Xba#c�d*X.e#a

fhg-ikj�l/m)n�g-o*p�qkr#g-p/s)n�t#q�l�u�g�vwqkx�y�l/m,zWv-l�s)pEn�l?g0{�n#g/|
j#g0{�n�g�sPy�j#x�r#n#g-}~l-o*f�p+l���n#g-s�j�l-o*r#j#s*{�s*u�s)n#q#s�}~l�o,o*z��� u#����i#n�fhp/s,i#n�l�o*q�u��-n#z�}wp/s,g�j#s,p/q#�#s0o*y#q�}kl/j#�,x�}7s)n�|
p/g!}���z�u�g�p�g����#p/g"x�j�l�v�n#s,n#q#s���x-l�o,o*g-n�l#�!q#m,}7s,n#s)n�n#g�s
o�r#g-}7g-�h�-��y�g!o)}7g/u�g��)q��#s,o)y!g-i�r#g!o*p/g+�#n�n#g�i λ yNv�q�{�x
4φ − λφ = 4πGρ, � S�S0�-�
q�}7s,s)p"j#s)f�s)n#q�s�{�u#�1r#u�g�p/n�g-o*p�q ρ ���*�-���`� �/�!�0¡
φ = −4πG

λ
ρ, � S-S,¢-�

p�l/y���p/g�o)p+l�p/q#�#s0o*y�g�s&g0{�n#g-j#g0{�n#g-sWj�l�o)r#j#s£{�s*u�s,n#q#s¤v-s*|
�hs0o*p/v!l��#v/u��#s)p�o ��v�g-m,}7g+¥�n#z�}��,�#p/g¤g-��¦.��o)n��#s)p¤p+l�y�¥�s
}~l�u�zWs'o*y�g�j#g!o*p/q§m,v�s)m*{��9��j#s*{�r#g�u�l/�*l/u�g-o)���7�#p/gP}~l-o£|
fhp�l��hg0{�n#g-j#g0{�n#g!o*p/q�j�l/v-s)n�r#j�q�}7s)j#n�g"o)j#s£{�n#s,}7x�j�l-o£|
o*p�g+�#n#q#�¨}7s*¥�{�x1m)v�s,m£{�l-}7q��© l/p�s,}ªvEp�g�i«¥�s�o*p�l/p���sN��i�n#fhp/s,i#n�j�l-o*r#j�g-o*p�j�l�|
n#q�u?¬)p/g-p�j#s,m)x0u���p�l/p�n�l�g��-�hx��­p/s,g�j#q��®g-p/n#g-o)q#p/s)u��/|
n#g!o*p/q���r�g/u�x��#q#v�o)¯�s,j#q#�#s0o*y#x��§}7g0{�s*u���}7q#j�l�o°y�g�n�s)��|
n#z�}Nj�l�{�q#x!o*g-}1y#j#q�v�q#m,n#z��0±?y�g�n#t�s9o*p�l/p���q�g�nhx!r�g-}7q�|
n�l�s)p+�#�#p/g�n#s�j�l/m0}7zWf²u#��u'g�p�g-}���o)g��]u�l-o*x-s)p�o ��u�q³s)�)g
g0{�n#g-j#g0{�n�l/�'}7g0{�s*u���o"o*x��hs0o*p/v-x!�&�hq�}7q´l�o)p/j#g�n�g-}7q�|
�#s0o*y#q�}7q�n�l/�/u��°{�s)n#q#��}7q��)��g�m*{�n#s,s~¬)p/x�y�u��&�#s)v-x!�«�,q�|
r#g-p/s)m,x�g��"g0{�n#g-j#g0{�n#g!o*p/q1n�l/m,v-l/u�q�y�g-o,}7g/u�g-�)q#��s,o*y�q�}
r#j#q�n#t#q#r#g!}§��i�n#fhp/s,i#n�l��µ v!o*p/j#q�i�o*y#q�i«x!��s)n#zWiP¶hj�l/n�t�·�s)u�s)p�q´m,n�l�u«qwg��
g0{�n#g-j#g0{�n#g-i¸}7g0{�s*u�qª��i#n#f�p/s)i�n�l#�Wq�g��kq#s)j�l�j!¹�q��#s*|
o*y�g-i�}7g0{�s*u�q�º»l/j�u��-s��)±´o*p�l�p/��s S0¼-T�T �,g0{�l°v�¥"x�j#n�l�u�s½&¾�¾b¿�ÀÂÁ)¾?Ã-Á*Ä&ÅAÆ�Ç+È£ÉÂÊ ·�s*u�s,p/qNx�p/v�s,j-¥�{�l/u����#p/g�}7g+¥�n#g
r#g!o*p/j#g-q#p/��p�l/y#q�s°q�s)j�l�j-¹�q#��s,o*y�q#sW}7q#j#z��/y�g�p�g�j#zWs�g0{�|
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@!A	B�C�DFE	G�H#I!A�C�C!GKJ,D	H	L2M�N�O�D#EPEFE#G�H	D	I!N.M#Q
δP = nδΩ[1 + w(θ)]. R >/S&>/TU<V MXWZY n [ W�I�M V C&\&\^]�D	E#M�I.J&C�D#W�O�C!A�\_]&`!D#O�C�D.WZO�Y
D	H#L�M�N!O�D	E�C!A�C�M�H#M	ab I!A�N!O�c�@�MXWZN�d3efD	g�M=C�N�d w(θ)

V `!\hE	G�H#D	I�N�chc�i NjZA�`�A�N�O�c!NPWkc�i�E#M=WZO	C�G1lmcP]!D�`!D/n�M�C�c&\!lmcPC!A"C�M�H#M�lmD/nFo
C�D,]!D�`!d3@�c�O	Y!p�]�D V WZ@!c�O�G�E#A�\�D	H	L2M�N�O�GqErN.D	`!Y	g<A�JsI!A�oV c�d.W�A θ t c�I�c!C�D	B δθ a�u�WZ`!D	E#c�MvC�D	I!lmc!I�D	E#N�c
N = n

∫

dΩs

[1 + w(θ)]dΩ, R >XS	S#T
j V M Ωs [ owO�MZ`!MXWZC�G�Bsd3j�D	`;D#H	i�D#I!A�a3xKA�n�C�G1ly]�I!A�N!O�c&o@�MXWZN�c!lzlmD.lmM�C�O	D#l{\�E	`�\�M�O	W|\�O	D!p�@�O�D}M=W8`<c�]�I�D#M�N�g�c�\
C!A�C!M�H	MXWZC�d3e^W=~vM�I�d}C�M�D V C�D	I�D V C�D	j=D�]!I�D#W�O�I!A�C<WZO�E#M�C&o
C�D#j�D�I!A#WZ]�I!M V M�`!M�C�c�\�D	N&A�i=G�E#A�M=O	W|\�H�`!c�i=N3D	B�N�D V C�D�o
I�D V C!D	B�p�O	D	j V Av�=O�D	O�lmM=O�D V C�M�lmD/n�M�OvE	GK\�E#c�O�Y�O�A�N�d3e
c!W�O�c�C�C�d3e�C�M�D V C�D	I�D V C�D#W�O�Y!p	A�I!A	W=W�lwA	O�I�c�E.A�M�O�M�M�N&A	N
H	MXW�W�O�I�d3N�O�d3I�C�D#M�]�d#A#W�W�D	C�D#E#WZN3D#M�I!A#WZ]�I!M V M�`!M�C�c!M	a<��G
d3E	c V c!lKp�@�O�Dsc!lmM�C!C�Ds��O�D}c�]!I�D	c�i=D t `!D;W�]�I�D.WZO�I<A�C&oWZO	E	M�C!C�G1lmc�WZO�I!d.N!O�d3I!A	lmc�pXc!lmM=e���c<lmc�~vI!A�N!O/A�`!Y	C!d.e
I!A	i=lmM�I!C�D#W�O�Y D ≥ S a
�<� �����#�����������������������/���1�������Z�F���Z�<�<���y�	�+�	�����&�� !�<�X�<¡

�!¢���£�¤#�!�# !�!�
¥ WZC!D	E	C!D	B�g�M�`!Y	e�A�C!A�`!c�i=A�N&A�O�A�`!D#j�D#E�d.j9`<D	E	GKJF]�D	`!D�o
nPM=C�c�B�H#GK`<A�D	g!M�C�N&A�]�I!D#WZO	I!A�C!W�O�E	M=C�C�D#B�N.D#I�I�M�`�\�g�c&o
D	C!C�D	B¦~vd3C�N�g�c!c ξ(r) ]�D�]!I#\!lmDhc�i=lmM=I�M�C�C!D#lmd§d.j9`<D�oE	D.lmd�I!A#WZ]�I!M V M�`!M�C�c!e¨jZA�`<A	N�O�c�N2a3©kD	D#O�C�D t M�C!c�M1lmMZnFoV d w(θ) c ξ(θ) E#]�M�I�E#G�M�E	G�E#MZ`¦ª�«­¬�®�¯�° R >=±#²	?#T p�d.nPME§N.D#C�O�M=N3W�O�M�jZA�`�A�N�O�c!N R ]�D�`!M=i�C�G�B�D	H#i�D#IyE	G�]!D�`!C�c�`³!´	µ¶µ R >=±.·�±#T+T a	¸�`�\;lwA�`<GKJ,d.j9`<D	E θ d3I!A�E#C�M�C!c�M�¹�c!lmH#MZoI!A

w(θ) =

∫ ∞

0

dxx4φ2

∫∞

−∞ dyξ[(x2θ2 + y2)1/2]

[
∫∞

0 dxx2φ(x)]2
. R >/S�?#T

U<V MXWZY φ(x) [ ~vd3C�N�g�c�\¦W�MZ`!M=N�g�c�p7D	]�I!M V M�`�\�M=lwA�\
N&A�N V D	`�\�jZA�`<A	N�O�c�NvE1M V c�C�c!g�MºD#H	L�MXlwAK]�I�D#W�O�I!A	C!WZO�E.A�p
C!A	H�`!e V A	M=lmGKJ,C!A�I!A#W�W�O�D/\�C�c�c x D	O U MXl»`!c�au�I!A	E	C�M=C�c�M R >XS�?.T lmD/nFC!DvA	C!A�`<c�O�c�@�MXWZN�cFc�C!E	M�I!O�c&oI�D#E#A�O	Y!p/@�O�D#H	Gy]!D�`!d3@�c�O	Y�~vd.C!N�g�c�e ξ(r) a ¥1V C!A	N3D�D#O�oI�c�g<A�O�M�`!Y	C�G1lzlmD.lmM�C�O	D#l{\�E	`�\�M�O	W|\�O	D!p�@�O�D}��O�A,]!I�D�o
g�M V d3I!A1O�I!M�H	d#M�O V c!~�~vM�I!M�C�g�c!I�D	E.A�C�c&\�C<A�H�`<e V A�O�M�`!Y�o
C�GKJ V A	C�C�GKJ�p/N.D#O�D	I!G�MºE#W�M�j V A�WZD V M=I#nFA�O t d3lKp/d3E	M�`!c&o@�c�E.A�e���c�B}D t c�H	N�c R ³<´�µ­µ2¼¾½ °|¯�¬ ´ «­¿�¯	p >X±.·#·�T axKA�n�C�G1l�@<A	WZO	C�G1lÀWZ`!d3@!A�MXlKp&]�D�`<M�i�C!G1lyC!A�]�I<A�N&o
O�c�N3M#pZ\�E�`!\�M�O	W|\�I�M t M�C!c�M�d3I!A�E#C�M�C!c&\ R >XS	?#T E�E	c V MºWZO	MZo]�M=C�C�D	j=D1i=A	N3D	C!A!a9¸�`�\�]�I�D.WZO�I<A�C!W�O�E	M=C�C�D	B�N.D#I�I�M�`�\�g�c&o
D	C!C�D	Bs~vd3C�N�g�c�c}EFE	c V M
ξ(r) = Br−γ = Br−(3−D) R >/S�Á.T
WZD#D	O�E#M�O	W�O�E	d3e��PA�\Àd.j9`<D	E#A�\�N3D	I�I�M�`�\�g�c�D#C�C!A�\�~vd3C�N&o
g�c&\ [ ��O�D�]!I�D#W�O�D
w(θ) = Aθ1−γ = AθD−2, R >/S	²	T

j V M§N3D	C!W�O/A	C�O�A A D#]�I�M V MZ`�\�M=O	W|\Âc�i�C!A	H�`!e V M=C�c�B�p1A
N3D	C!W�O�A�C�O�A B iXA�E	c<WZc�OKD	O γ c�~vd.C!N�g�c�c�D#O�H	D#I!A φ R ³!´	µ¶µ p>=±3·�±.T aÃ �<�.Ä����!���=Å WZO	M�]�M=C�C�D	M I�M t M�C�c!M R d.I<A�E	C!M�C�c�M
R >/S	²#TÆT WZd3��MXWZO�E#d	M=OXp&O	D�`!Y#N.D�M=WZ`!c
γ > 1, D < 2. R >XS	Ç#TÈ A�N�d.n�MrD	H.WZd.n V A�`<D#WZYsE�I!A�i V MZ`!M S a Á a ² p»WZD	j9`�A	W8o
C�D�O	M�D	I!M=lmMhDy]�I�D	M=N�g�c�c¨~vI<A�N�O�A�`<D	E!pº��O�D�D#i�C!A/@<A�M�O/p
@�O�D V A�C!C�G�BÀlmM=O�D V C�M}I!A�H#D	O�A�M=O V `�\À~vI<A�N�O�A�`<Y	C�GKJ
WZO	I�d3N�O�d3IPWk~vI!A�N�O�A�`!Y	C�D#B�I!A�iXlmM�I�C!D#WZO	Y	e D ≥ S a È A�NlmGfd.E#c V c!l V A�`!M�M#p�I�M=A�`!Y	C!D	MFI!A	W�]�I�M V MZ`!M=C�c�M�jZA�`<A�N&o
O�c�N�J3A�I!A	N�O�M=I�c�i�d#M�O	W|\§E	M�`!c�@�c�C!D	B D p2N3D	O	D	I!A�\�C!A�J#D�oV c�O#W|\sc<lmM�C�C�DrE,]�I�M V MZ`<A�J;�=O�D	j=D�N�I�c�O�c!@�M=W�N.D#j�D V c!A�o
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� ��x���u�u�t�l�oAr9��vA�GmhuBo��%µAy°�4wfvAl�z9l�w�l]pAr�s�t�pAuemhu�vAu�o���µ
w�r?vSr���x��A���}õöx�l´t�p�l9�hs�²�lnmh��x-t�l9x9l�y��9Å1ÉAx�lçs�l9wfvSr9s�oAl
å x9l9� � u x�uBl9p�uny�u�l¥t�p�l9uB��Ì����R� pAr9��x?r?vAl�zAÅ4p�uB¯��nvA�?x?r?~x�l_y÷t�p�l�u���ÌA����x`r9�4l9�.s�x�p��4��x��4p�±ÏoAr�o�uB�9l��9�Bmhu�x¥pAr�se~
t�p�u�mhu�vhu�o���u�Å(�9vA��¯��4l�uq�ëlnmho�l9pAlnmho�l9�<t�l�z9u�p_²%o�l_s�x�o�l��
t%vAl�x�o�l_s�x�����ê l å x�l_y��<mAv�µôl��9oAr9p�� � u�oA�%µô� pAr��Ax`r�vA��~o�±/²°s�x�pA�_�Ax��4pøs D ≥ »�l9�`µ�¯nr�x�u�vA�9o�l�o�� � o�±�t�pAl�~
s�x9pAr�oAs�x�z9uBo�o�±Qu �%r�p�x9±1�
ê p��Ay�uBÉAr�x�u�vA�9oAlAÅGÉ�x�lï� pAr���x?r�vA�9o�±Q�-r�oAr�vA��¯�s�l�~

z9pAuBy�u�oAo�±/²�l9��Ã}��p�oA±/² tAp�l�s�x�pAr�ohs�x�z�u�o�o�±/²��%r9p�x7pAr�se~
t�p�u�mhu�vhu�o��%µùw�r�vhr��Ax����ùz�±/µ�z9�%v D ≈ »�� »�Å¬t�l_y�uBs�x���z
� pAr9��x?r?vA��o��4�ÂpAr�¯ny�u�p�oAl�s�x9���%r��÷pAr9¯Êz å x�l�x���p���x9�%~É�uns���������oAx�u�p�z_r?v(�
ê l�s�vAuGs�x?r�x�����ú/Ú�Û�û%Ó«ÙAü�ý]Ü ink ä inß Å`w�mhu/��±/vAl�l�x9y�u�ÉAu�~

o�lqz�l9¯By�l � o�l�u�ohr?vA��ÉA��u7þ«s���p�±Qx�±/²_ÿ�s�x�pA�_�Ax��4p�s D ≥»%Å{t�l`µ�z��%vA�As��Àt�lnmhp�l��9o�±QuÁ�hs�sevhuemhl�z�r�oA�%µ sevAl � o�l��
t�p�l���vAuny�±��4wfvAl�z9±/²7tAp�l9uB��Ì����1� pAr9��x?r?vAl�z Ü � Ñ���Ò�ü�Û�Ñ��
×��&Ö�ü�Ò�Û�Ñ���ü�Û�ÑAÅ ink9k�i�	�
 Ñ��5ü
�qÚ��æ×��&Ö�ü�Ò�Û�Ñ��Aü�Û�ÑAÅ iBk�k » 	
� Ô�Û�üBÛqü�Ò]Ú�� ��Å iBk�k���	�� Ñ���Ò�Ô�Ñ9Û�ÖD×��%û���Ñ�Ó��:Ú���Ö���Ö Å iBk�k���	
����� �qÚ����{ü�Ò7Ú�� ��ÅA» ã�ã í ß � ��¤��"!�©�#��S�`¦��%$

Γ & £&©�§A 9¡h¢A¢��(' l�wfvhr9s���uVoAr��9vA�GmSr?~uBy�±/²ù�4wfvAl�z9±/²ï�-tAp�l�s�x�pAr�ohs�x�z�u�o�o�±/² Γ ~	� �4o���ÌA���-s� pAr9��x?r?vA��o�±Dy��øs�x9p��4��x��4pAr9y��(ÅD�Ay�u���|}�Ay�� D ≈ »%Å
vA�4É�ÃÄu<z_s�uBw�lï�9±/vAlït�pAlnmhuBy�l�oAs�x�pA��p�l9z_r�o�l)zïpAr���l9x�u

� Ñ���Ò�Ô�Ñ9Û�ÖA×)�4û���Ñ�Ó*�:Ú���Ö���Ö:Ü iBk�k���ß ��+Dz�x�l9pA±)�hs�sevhuemhl�z�r?~
vA��t�p�l_s�x�phr�oAs�x�z9uBo�o�±Qu �%r�p�x�±-z�y�uns�x�u�s1s�l9l9x9z9u�x�s�x�z���~
�7|Ä�Ay��+�4wfvAl�z9±Dy��ÀpAr�s�t�pAuemhu�vAu�o���µAy��+t�l³o�uBs��_l9vA��~
���Ay³�%r�x?r?vhl9w�r9yÁ��pAr9s�o�±/²)sBy�u�|Äu�o����-, 
�.0/�i Å1���324� i Å
��ü�ÛfÓ«üBÔAÓ«~5�&Ö�Ó � üBÓBÅ�µ�p��A��u�w�r?vSr���x��A��� / � � �°w�r?vhr9��x��%~
���76 z��������-8 x9l9�9±³o�u]�As��%r�¯��Ax��Rl9Ì�uBo������_l�p�p�u�v�µ�Ì��%~
l9oAo�l9wBl�t�l9�%r9¯Br�x9u�v�µÊs�x�u�t�uBo��Êz��4wfvAl9z�±/²}m�r�o�o�±/²KÅ_l9o��
�As�t�l�vA��¯�l�z�r?vh�.�_sevAl�z9o��4�çt�l�z9u�p_²%o�l_s�x�o��4�´t%vAl�x�o�l_s�x��
Γang

Γang(θ) =
1

S(θ)

dN(θ)

dθ
=

BangD

2π
θ−α, Ü i Æ�ã ß

w�mhu S(θ)dθ 9 å vhuBy�u�oAxRx�u�vAuns�o�l�w�lR�4wfvhrëÜ mAv�µ÷y�r?vA±/²�4wfvAl9z θ � i r9t�t�p�l��%s��Ay���pA�9u�x�s�µô�%r�� S(θ) ≈ » πθ
ß Å

N(θ) = Bangθ
D 9 ÉA�AsevAl¥w�r�vhr���x9����z å vAuny�u�o�x�u�sB� u�~p�±Âsqphr`mh���_s�l_y θ Å D 9 � pAr��Ax`r�vA�9ohr?µ�pAr�¯ny�u�p�o�l_s�x��

x�p�u�²�y�u�p�o�l��ës�x�p��4��x9�_pA±1Å(�4l9x�l�pAr?µ<t�p��ë�_sevAl�z9��� ã ≤
D < »7s�l9z�tAr`mSr9u�xVsö� pAr9��x?r?vA��o�l9�}pAr�¯ny�u�p�o�l_s�x���� Dpr

9 s�t�p�l�u���x��Ap�l9z_r�o�o�l���s�x�pA�_�Ax��4p�±ÎÜ s�y/� pAr�¯�mhu�v<»�� íh� Æ ß Å
α 9 t�l9�%r�¯nr�x�u�vA�qs�x�uBt�u�oA�R�_wfvhl9z9l��.�4l�p�p�u�vAµ�Ì�����ÅAs�z�µ%~
¯Br9o�o�±Q��s1� pAr��Ax`r�vA�9oAl9�Êphr�¯By�uBp�o�l_s�x���� D �%r��
α = 2 − D = γ − 1. Ü i Æ i`ß
ê l�s�vAuemSo�u�uæpAr9z9u�ohs�x�z�lÎz�±Qx�u��%r�uBxÎ�A¯Âs�l9l�x�o�l�Ã}u�oA�%µ
y�u � mh��t�p�l_s�x�phr�oAs�x�z9uBo�o�l9�q�q�4wfvAl�z9l�� Γ ~	� �4o���ÌA�%µAy����ê u�pAz�r?µ µ�z9v�µ�u�x9s�µÄl9�9±QÉAo�l9�1x�pAu�²�y�u�p�oAl9� Γ ~d� �_oA��Ì���uB�
Γ(r) ∝ r−γ s γ º j é D Å�rÊz�x�l9pAr�µ�uBs�x��.�4wfvAl�z�r�µ Γ ~� �4o���Ì���µ Γang ∝ θ−α s α º »�é D �: u�¯��nvA�?x?r9x r9oAr?vh��¯Br��4wfvAl9z�l9�}�¥t�pAl�s�x9pAr�oAs�x�z9uBo�o�l��
Γ ~d� �4o���Ì��A�ÀµAs�o�l³t�p�lnmhuny�l9oAs�x�p���pAl9z�r�v(Å}ÉAx�l"� phr��%~x?r?vA��oAr?µ¿phr�¯By�uBp�o�l_s�x��óoAr��9vA�GmSr9uBy�l9�½x�p�u�²�y�uBp�o�l9�
s�x9p��4��x��4p�±
D = 1.9± 0.1, Ü i Æ » ß
É�x�l0�9±/vAl0z9±Qz�uemhuBo�lë��¯<o�u�¯nr�z9�hs��Ay�l�w�l÷r�ohr?vA��¯nrë�%r?~
x?r?vAl�w�l�z<�4wfvAl�z9±/²÷t�l9vAl � uBo����ï�°t�p�l_s�x�phr�oAs�x�z9uBo�o�±/²
�%r�p�x`�ïê l9�%r�¯nr�x�u�vA�ás�x�uBt�u�oA�¿�4wfvAl9z�l9�¾�4l9p�p�u�v�µ�Ì����
�9±/vÝphr�z9uBo α º�ã � i ± ã � i Å�r t�l9�%r�¯nr�x�u�vA��s�x�u�~
t�uBo��¾t�p�l�s�x�pAr9oAs�x�z�u�o�oAl9�¾�4l9p�p�u�v�µ�Ì����ó�9±/v pAr9z9uBo
γ º i � i ± ã � i mAvAµ<z_s�u�²��_tAl�y µ�o��4x�±/²<z9±QÃ}u¥�%r�x?r�vAl�~w�l�zÄ�ApAr9s�o�±/²{sBy�u�|}uBo������

' r9y�±Dy´�Bmh��z���x�u�vA�9o�±Dy-µ�z9v�µ�u�x9s�µëx�l�xË�1r��AxnÅ:É�x�l
pAr9o�u�uÄz9±Qz9u�mhu�oAo�l9u þ��4o���z�u�pAsBr?vA��o�l9u�ÿ ¯BoAr`É�uBo���u�t�l9�%r?~
¯Br9x�u�vAµ�s�x9u�t�uBo��¥�_wfvhl9z9l��}�4l9pAp�u�v�µ�ÌA��� αw ºùã � ä 9 �Ase~���_s�s�x9z9u�oAo�±Q� å �1� uB��x`Å(z9±Q¯Bz�r9o�o�±Q���As�tAl�vA��¯�l9z_r�o��AuByy�u�x9lnmSr¥�4wfvAl9z�l9�Ê�4l�p�p�u�vAµ�Ì���l9oAo�l9� ξ ~	� �4o��AÌ���� w(θ) �õöx�l7s�z�µ�¯nr�o�l7s&x�uBy/Å`É�x�l�p�uemS�_ÌA��p�l9z_r�o�ohr?µ �_l�p�p�u�v�µ�Ì��%~
l9oAoAr?µø� �4o���ÌA�%µïmSr�uBx0s��As�x�uny�r�x��AÉ�uBs��_l�u��hs��%r � u�o���u
¯�ohr`É�u�o���µ÷�As�x��Ao�o�l9wBl�tAl9�%r�¯nr�x�u�v�µôs�x�uBt�u�oA�ô�4l9p�pAu�v�µ%~
Ì�������¯�~ ¯nr���sevhl9z9��µÊo�l9phy���p�l9z�����Ü�pAr9¯emhu�v�íh� í ß �

; mhuns��Êy�±Çs�o�l9z_r¥z9�4mS�Ay/ÅhÉAx�lÊz_s�µ��hs�x�l�p��%µ�lÊx9l�y/Å
�%r��RoAr9��x����As�x��Ao�o�±Q�ËtAl9�%r�¯nr�x�u�vA�]s�x�uBt�u�oA�Ë�4l9p�pAu�v�µ%~
Ì����(Å�z9u�pAx���x9s�µ)z9l9�Ap��4wÊpAr9¯�o���ÌA±+y�u � mh�ôs�x�u�tAu�o�o�±Dy
t�l�z9uemSu�o���uny�t�l�vho�l9���4l�p�p�u�vAµ�Ì���l9oAo�l9��� �4o���ÌA���}�}s�l�~
l9x9z9u�x�s�x�z��_��|}�AyÏo�uns�x�uBt�u�oAo�±DyÏt�l9z�uemhuBo���uBy-p�u�mh�4Ì��%~
p�l�z�r�oAo�l9�{�4l9p�p�u�v�µ�Ì���l�o�o�l��{� �4o���ÌA������õöx9lqt�p�l9�hs�²�l�~
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~����/�����+���&���������������{���F������������� π � ���&���-�1�����{�]�����&�{�F�
�Z�{���b�������V��~C���b�b�{���F�	���{������~Z���������������������&�7�����&�����
���&���C�K�������{�����)���8���F�&� � � � ������� �I¡¢����~��b�b�{��£]¤¦¥V���
����~	�)~7��� � ���-���;�&�§�z¨������§�F���W���©�{� � �1���{�����ª��������~	�
�Z�F~���� � ���F�&�«�6¬�¤ ­ ◦÷ ­ ◦ �w®+�����1�������/�¯¬�°�±�²¢³"´¦®µ~Z�������
���/�8�����Z���{��~Z��¨������9~C��~q~C���b�������&� ¶G·8³[®�·8³ | �z·�³"¬
� � �©¤�¨��&��� � ��¸��¹´C·¢´�´���¤º �����������¼»1½F¾{¿-À	Á�½FÂÃ¿�Ä�¤Å�6¬�Æ�Æ	¬��Ç���©�È¨��/�������
���&�É�����������Ê~	�������F����Ë�����������¸ ξ �Q¡¢�Z��~�Ë����Ì¨��/�����C�
~���¬�Í�Î�Æ�Æ����b�{��~�����~�´C·¢´�´ � ���Z���F¨��V�§� � ~	����� � �����§�
­�Ï�Æ�Æ < cz < Î�Í�Æ�Æ�Æ;~��GÐ � ¨��{�{�������F�����Ñ��� � �����"�����©£
�F¨{¤�¨������������IÒC¬�¬;Ó¢­ logh100 < Mr < −19 + 5logh100

¤Ô ������������Ë��������{�b� ξ �v¡¢�	��~�Ë��C��¨¯����� � ���{��� � ��¨��)~���� � �
���©£ � �§�F���&����¸ÖÕF����¸×´�·�´�´Z��¨��/������~��«���§�&�F�Ê��¨����
��� � ���&���F������¸Ø¨��Z�Ù� � �©¤>��� � ¤�­z¨WÕF����¸ � �b����������¤>ÚV¨������
���H¨��F�C���¯�{���������&���W�µ� � �;�b������¨q¬ < s < 8h−1

100 Û ��~3®
¨Ü~Z�����������Ç����������~ � �{�§������¨	�b��� ξ �v¡¢�	��~�Ë���� � ���F���&�C�
���V������~Z������� ξz(s) = (s/8.0h−1

100 Û ��~{� −1.2 ¤>¥V�{����~	�
���Ý�����&�Þ�¹�ß��� � ¤V­Ø� � ����®?�����9¡¢�Z��~�Ë��C� ξz(s)

���§�F�
�F�Ý�����9£Z������~����&�����©£��µ� � ���b���	��à | �[�������{�{�������F���{�
Æ�¤ | < s < 0.5h−1

100 Û ��~Þ����~C���&��������� � ���F���&��� γ ≈ | ¤ á�®
¬��©�����W�{�{�������F���{� Æ�¤ ­ < s < 5h−1

100 Û ��~�����~C���&�������{�
� ���F���&��� γ ≈ | �9Î��[�������{�{�������F���{�Ý­ < s < 30h−1
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Û ��~¯����~Z���&��������� � ���&���F��� γ ≈ | ¤ á�¤ Ô ��~I��� � �	�¹�1����� � �
¨Ù�����w�{�F���ÞÎ�¤ } ®8���§�F�����Ù�b��~Z���Ü����¨����{�F�����Þ~Z�����������C�
Ë�����������¸ ξ �v¡¢�Z��~�Ë������-�)�C�1���&� � ���{���Ù¡¢����~��b����������¸
� �����Z~����Z����®¦� � ���K�Z�������/¨	�����I£	������~����F�����/�¹�µ� � ���b�b�
��� Rsep

® r0
® Rsph

max
¤â �F��¨��/¸ Γ∗ �Q�����b������¨��/������~��z����~��C£W~���� � ���©£¯���b�

�{��~�����~Ý��ã3ä�å¹Áçæ�è�ä�é©³/½&°¯²¢¿�Äê¿bëCÁì½�éµíîã>³/²��?´C·�´�´q���©�
�����1��¨����Þ������� � �b��¨����&�Ù¨Ñ�{���������ßï"è�ð�ðÞ½�Â7¿�Ä�¤��6¬�Æ�Æ } �
�ñ��� � �	�¹�1�b� � �Ê�b��~C�¹�óò�èbôCõF½ö½�Âª¿�Ä6¤���¬�Æ�Æ�­���¤Iã>³/²8�
¨��/������~C���b��~��x���Z����~C�8� � �����{���F�G÷ � � � �b��¨������F�©�������§�&�C�
���qÆ�¤ Î	�w®������q���b�{��� � �µ��~ � ���µ����������¸ � ¡¢�&���Ù�1� � �������b�
�F� ¨�������������� Rsph

max ≈ 100h−1
100 Û ��~3¤Cø[���W¨��/������~�� �

Ngal ù Î�ú�­�á?ï"è�ð�ð?½FÂ�¿�Ä�¤���¬�Æ�Æ } �{�����������	�)�����3®������ Γ∗(r)���§�&�F� � ���F���F������¸q¨��C��® � ������¨��&� � ��¨��Z�"����¸I¡¢����~��-�������
����¸¯�{���&�§�&����� � ��� D ≈ ¬������¯�{���������&�����)�µ� � ���b������¨| ÷25h−1

100 Û ��~3¤	ø[���W�µ� � �;�b������¨¹¬�­ ÷70h−1
100 Û ��~ � �	�

��� � ��¨����&�Þ����~��������&�����ß��� � ���F���F�������F�Ñ�&��~Z������®?�Þ���
�µ� � ���b���	�b£ØÏ�Æ ÷100h−1
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�F�9��� � ���-���������&�Ñ�&���-���F���C�3¤8û��������©�{�ü�������F�������F���C�
����¨�������~C��~ü�����������	�¹�F�����W�µ� � ���b���	�����1���������1��� � ���
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	���
���
��

Γ � ������	����������������� "!���
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~�� �§�F�����1��� Γ �Q¡¢�Z��~�Ë���� ��� � ~	������~��C£ó¨��/��������~ó���b�
�{��~�����~3¤/.?�©�{������¸Z�1�F���ß¡¢����~��b�����������Ü�������§�F����� � ���
D ≈ 2 ���)�µ� � ���b���	�b£q��� | �{� Î�Æ Û ��~3¤
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�¼´C·¢´�´«����~C���F�/¨����"�-®I�����Ã��� � �����w�{�F���F�����Ç�����{��~C�
����~>®¯���Ã~�����¸����&¸«�§�F����®W¨ �{���������&�����N�µ� � �;�-������¨
Æ�¤ | ÷20h−1

100 Û ��~ � ��¨	�§� � �����§� � ¡¢����~��-���������V�Å��� � �
�������{���{�F�������©®����§�&�"���{�Ñ�{���&�§�&����� � ��� D ≈ ¬C¤ ¬C¤Ô ��~Ü��� � �	�¹�1����� � �7¨K�������{���{�zÎ�®�¨�� �F� �b������¨����F�����
~Z������������Ë�����������¸ ξ �Q¡¢�Z��~�Ë����7¨q�����b���������ü����� � ���{���C�
� ��¨��K���Ü�{�����{�?�1�����§��¸�¡¢�Z��~�Ë���� ξz(s)

¨Þ����� � �������C�
� ��¨��[~��{� � ���©£ � �§�&���&����¸7¨�~����"�����F� ������Ë����{�Z���z�������
�F~�Ë����3®©~Z���������b�Ù���������{�����&���Þ��������~	�Þ����� � �����Z~����Z�
� ¡¢����~��b����������¸��������§�F����� � ����� D < ¬Ù����¤ ��¤ γ >

| ��¤
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�§�F����� � ���3®K�����������§�&�3®7�{���Ö�����{��~�����~Ì¬�°�±?®7����¨����
D ù ¬�¤ ¬�­ � γs ù Æ�¤ Ï�­���®W����� �������Z�¹���F�Ê���F���-£����{���
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�������F~�Ë����3®V���	� ���Ù���F��� � �§�������F���{®V� � ���������F���H�§�F�����
�{�ü¨�� �F� �b������¨����F�����3®b���/�����������8����� � �¹���¢������Ë����{�Z���
�������F~�Ë����3¤I �F������������� ���������{�&�§� �������F~�Ë���� � � � ���������
�F��� � �b���Z�1���������Z� ������Ë��w�{�Z���Ì¨�� �&� �b������¨����&���C� ξ �
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< Í�Û�Ò	Ê-ËèÃ�Û	Í�É�Ò8Í�ÆHÉ�Å � Ò�Â9Ä8¾G¿8¿ ε = %c2 ¿ Ø Ê�Ô�Û	Â9Ò8¿8Â

p
× Ê Ø Ê�å|É�Æ_Ë Æ9ä�ß#ß�Í"ê Ô�ÑhãoÂGä�Ý�Ê × Ê�Ò8Ò8Ñ=%�Ý�Í"ß�Ã8Í"Ò8Â9Ò8É	�

ε = εm + εde , p = pm + pde .
Ö »4½�� Ü

> Ø ÂFÆHÅ�¿8Ò Ø Â9Ý�Æ²Î.?íÓ Í�É�Ò8Í�ÆH¿8É"Æ_Ë ÝæÄ�Ê × Û�¿8È�Ò8Ñ&ß Ô�¿�âØ Ê"ß Í�Ð"ÑhÈ8Ò8Í"¾9ÍoÔ"Â9ÕíÂGÆHÉ�Ô"Ê Ö É�ÂFß�Ò8Í�¾GÍJ¿©Æ9Ô�Â9ÉFË8ÕíÂ9¾9Í�Æ_Ë	ÜCÆ
Ã8Í�Û�Í4ì�¿8É�ÂHÛ	Å�Ò8Ñ&ß Ø Ê�Ô�Û�ÂGÒ8¿8ÂFßæ¿èÆ;ä�Ä�Ê�Ô�Ò8ÂGÒ8¿8ÂGßÏÆ9Í"Æ9É�Í�â
Ë8Ò8¿�Ë

pm = β εm, 0 ≤ β ≤ 1 ,
Ö »�$ ç"Ü

É4À Â"À εm = εCDM + εbaryons + εrad + εν
À�@�Ò Ø Â9Ý�Æ0Î��&AHÓÖ É�ÂGß�Ò�Ê�Ë � Ò8Â9Ä�¾9¿�ËCB-Ý8Ô�¿8Ò�É � ÆGÆHÂ9Ò	)8¿�Ë	ÜæÍ × Ò�Ê4È�Ê�Â9ÉSÐ�Í�Û�Â9Â

� Ý × Í�É�¿8È8ÂGÆ9Ý8ä�å Æ9ä�Ð"ÆHÉ-Ê�Ò
)8¿8åæÆmÍ"É�Ä8¿
)	Ê�É�Â9Û�Å�Ò8Ñ&ß Ø Ê�Ô�Û�ÂHâ
Ò8¿8ÂFßë¿©Æiä�Ä�Ê�Ô"Ò8Â9Ò�¿8ÂGß ÆHÍ"Æ9É�Í4Ë8Ò8¿�Ë

pde = w εde, −1 ≤ w ≤ 0 .
Ö »�$8» Ü

8 Ê�Ý�È�Ê�Æ9É�Ò8ÑhêÇÆ)Û�ä�È�Ê�ê Ö
w DFE » ÜUÍ�Ò�Í Ô"Ý�Û�åaÈ	Ê�Â9ÉÝ�Í"ÆGß�Í�Û�Í"¾9¿8È8ÂFÆHÝ8ä�å Ý�Í"Ò�ÆHÉ-Ê�Ò�É�ä ÿ ê8Ò8ãíÉ�Â9ê8Ò	Ê Λ ÌÚÝ�Í"É�Í�âÄ8ä�å ß�Í4ì�Ò8ÍÇ¿8Ò8É�ÂGÄ8Ã8Ä8ÂGÉ�¿8Ä8Í"Ô"Ê�É�Å�Ý�Ê�Ý Ý�Í�Æ9ß�Í�Û�Í�¾G¿8È8ÂHâ

ÆHÝ�¿8êæÔ"Ê�Ý�ä�ä�ßÙÀ 8 Ô"¿8Ò8É � Æ9Æ9Â9Ò
)8¿8Ë Ý�Ê�ÝæÒ8Í"Ô"Ê-Ë Ý�Í"Æ9ß�Í�Û�Í�â
¾9¿�È8ÂGÆ9Ý�Ê�ËJ¿ Ø ÂGÊ�Û�Å�Ò�Ê�Ëíì�¿ Ø Ý�Í�ÆHÉ�Å;Æ&ä�Ä	Ê�Ô�Ò�Â9Ò8¿8ÂFßÞÆ9Í"Æ9É�Í�â
Ë8Ò8¿�Ë Ö »�$�» ÜmÐ�ÑÙÛ	ÊoÃ8Ä8Â Ø Û�Í4ìíÂGÒ�Ê;ÔJÄ�Ê�Ð�Í�É-Ê�%HGI��JK�&LIAMJKJNA1�
��J À Ö »O����; Ü#¿QPCJR�S��A�T#A1�U��J À Ö »O����� Ü#Ý�Ê�ÝºÄ8Â9ãíÂ9Ò8¿�Â|Ý�Í"ÆGß�Í�â
Û�Í"¾9¿8È8ÂFÆHÝ�Í�êiÃ8Ä8Í"Ð�Û�ÂFß�Ñ�ÆHÍ�Ô"Ã�Ê Ø Â9Ò8¿8ê ÖWV A�AMX
JKA��Y
[ZU����\]�8Ì
'�ç"ç�^�Ü)À	_�Â Ø Ê�Ô"Ò8Í × Ò�Ê4È�Â9Ò8¿�Ë w < E » Ä	Ê�Æ9ÆGß#Ê�É�Ä�¿8Ô"Ê�Û�¿�ÆHÅÉ-Ê�Ý�ìJÂ|Ôíä�Ä�Ê�Ô"Ò8Â9Ò8¿�¿ºÆHÍ�ÆHÉ�Í4Ë8Ò�¿�Ë Ø Û8Ë É4Ê�ÝUÒ�Ê × ÑhÔ�Ê�ÂGß�Í"ê
Î�`0Ê�Ò8É�Í�ß�Ò8Í�ê � Ò8ÂGÄ8¾9¿�¿�Ó Ö GI��JR�&LIAMJKJaA1�b��J À�Ì	'�ç�ç:^"ÜHÀî
ï8ð�ñ-ò
óHò�ô�õdc#ïnô7e -;ð�ò	ð�þ5f Ä8¿ Ø ß#Ê�Ò8Í"Ô"Æ9Ý�Ê�Ë ß�Í Ø ÂHÛ�Å
Ë8Ô�Û�Ë8Â9É�Æ_Ë É�Í�È8Ò�Ñ&ß�Ä8ÂGãoÂGÒ8¿8ÂGß ä�Ä�Ê�Ô"Ò8Â9Ò�¿8ê ÿ ê�Ò8ãoÉ�ÂGê�â
Ò�Ê Ö »4½�½ Ü)Àbg÷Ã8Ä8Â Ø Ã8Í�Û�Í4ìJÂ9Ò8¿�¿�Í Ø Ò�Í�Ä8Í Ø Ò�Í"ÆHÉ�¿ Ö ä�Ä�Ê�Ô�â
Ò8ÂGÒ8¿�Ë Ö »F½:� Ü)Ì Ö »4½�; Ü�Ü�Û	¿8Ò8Â9ê�Ò8Ñhê � Û�ÂGß�ÂGÒ8Éh"�Í"Ð�ÂGÄ8É�ÆHÍ"Ò�Ê-âi Í�Û	Ý�ÂGÄ�Ê Ø Û8ËÞÍ Ø Ò8Í�Ä8Í Ø Ò8Í�¾GÍ²Ä8¿�ß#Ê�Ò8Í�Ô�ÊUÃ8Ä�Í"ÆHÉ�Ä�Ê�Ò�Æ9É�Ô"Ê
ß�Í4ì�Ò8Í × Ê�Ã8¿�Æ9Ê�É�ÅJÔ�Ô�¿ Ø Â:�
ds2 = c2dt2 − S(t)2dχ2 − S(t)2Ik(χ)2, dω2,

Ö »O$ '�Ü
¾ Ø Â dω2 = dθ2 + sin2 θdφ2 Ì χ Ì θ Ì φ ! Î�Æ�`�Â9Ä8¿8È�ÂHâ
ÆHÝ�¿8Â)ÓmÆHÍ"Ã8ä�É�ÆHÉ�Ô�ä�åaÕí¿8Â#Ã8Ä8Í�ÆHÉ�Ä�Ê�Ò�ÆHÉ�Ô�Â9Ò�Ò8ÑhÂCÝ�Í�Í"Ä Ø ¿8Ò�Ê-â
É�Ñ0Ì t ! Ý�Í�Í"Ä Ø ¿8Ò�Ê�É4ÊoÆH¿8Ò&%�Ä8Í"Ò8Ò8Í"¾9ÍoÔ"Ä8ÂGß�ÂGÒ8¿�Ì Ik(χ) =
sin(χ), χ, sh(χ) Æ9Í�Í"É�Ô�ÂGÉ�ÆHÉ�Ô"ä�åaÉ × Ò�Ê4È8Â9Ò�¿�Ë�ßZÝ�Í"Ò�ÆHÉ-Ê�Ò�âÉ�Ñ Ý8Ä8¿�Ô�¿ × Ò8Ñ k Dkj » ÌCç8Ì E » ÆHÍ"Í�É�Ô"Â9É�Æ9É�Ô�ÂGÒ8Ò8Í	ÌCÊ S(t)Ë8Ô�Û�Ë8Â9É�Æ_Ë ß#Ê�ÆHãíÉ-Ê�Ð�Ò�Ñ&ßl`0Ê�Ý�É�Í�Ä8Í�ßÙÀ

gSÆ)Û�ä�È�Ê�Â�Í Ø Ò8Í�Ä�Í Ø Ò8Í"Æ9É�¿dä�Ä�Ê�Ô"Ò8Â9Ò8¿8Ë ÿ ê�Ò8ãoÉ�ÂGê8Ò�ÊÖ »4½�½ ÜµÃ�Ä"Ë�ß�Í;Æ9Ô�Í Ø Ë8É"Æ_ËíÝ�ä�Ä�Ê�Ô"Ò8Â9Ò�¿�Ë�ß f Ä8¿ Ø ß#Ê�Ò�Ê�Ì�Ý�Í�â
É�Í"Ä8ÑhÂ0ß�Í4ìMÒ�ÍJÃ�Ä8Â Ø Æ9É-Ê�Ô�¿�É�ÅMÔ²Æ)Û�Â Ø ä�åaÕoÂFß Ô"¿ Ø Â��
d2S

dt2
= −4πG

3
S

(

% +
3p

c2

)

.
Ö »O$ ^"Ü

@ × É�Í4ì Ø ÂFÆHÉ�Ô�ÊUm�¿�Ê�Ò8Ý�¿;Æ)Û�Â Ø ä�ÂGÉ&ä�Ä�Ê�Ô"Ò8Â9Ò8¿�Â#Ò8Â9Ã8Ä�ÂHâ
Ä8ÑhÔ"Ò8Í"Æ9É�¿

%̇ = −3
(

% +
p

c2

) Ṡ

S
,

Ö »O$�¼ Ü
Ý�Í�É�Í"Ä8Í�Â Ò8ä�ì�Ò8Í Ø Í"Ð"Ê�Ô�¿8É�ÅdÝæä�Ä�Ê�Ô"Ò8Â9Ò�¿8å Ö »O$ ^"ÜHÀ < Í�â
ÆHÝ�Í�Û�Å�Ý8äoÛ	Ê�¾GÄ�Ê�Ò8ìíÂ9Ô�Ê�ÆHÍ�Ã�ä�É"ÆHÉ�Ô"ä�å|ÕíÊ�ËJÝ�Í�Í"Ä Ø ¿8Ò�Ê�É4Ê χÒ8Â × Ê�Ô�¿�Æ9¿8É Í�É Ô�Ä8ÂFß�Â9Ò8¿�Ì&ß�Í4ì�Ò8ÍæÃ8ÂGÄ8Â9Ã�¿�Æ9Ê�É�Åæä�Ä	Ê�Ô�â
Ò8ÂGÒ8¿8Â Ö »O$ ^�Ü)ÌC¿�Æ9Ã8Í�Û	Å × ä�ËëÍ�Ã�Ä8Â Ø Â9Û�Â9Ò�¿8Â�ÆHÍ"Ð"ÆHÉ�Ô�Â9Ò�Ò8Í�¾GÍ
ß�Â9É�Ä8¿8È8ÂFÆHÝ�Í�¾GÍaÄ�Ê"Æ9ÆHÉ�Í4Ë8Ò8¿�Ë r = S(t)χ Ý�Ê�Ý Ø Ä8ä�¾9Í�ê0Ô"¿ ØÉ�Í"È8Ò8Í�¾GÍMä�Ä	Ê�Ô�Ò�Â9Ò8¿�Ë f Ä�¿ Ø ß#Ê�Ò	Ê
�
d2r

dt2
= −GMg(r)

r2
,

Ö »O$"½ Ü
¾ Ø Â;¾GÄ�Ê�Ô"¿8É�¿8Ä�ä�å|ÕíÊ�Ë©ß#Ê"Æ9ÆGÊ Mg(r)

× Ê Ø Ê�ÂGÉ�Æ_Ë©ä�Ä�Ê�Ô"Ò8ÂHâ
Ò8¿8ÂFß
Mg = Mm + Mr + Mv,

Ö »O$�$ Ü
Ê|Ô�Ý�Û	Ê Ø Ñ Í"É|Ô"Â9ÕoÂFÆHÉ�Ô�Ê8Ì4¿ × Û�ä�È8Â9Ò8¿8Ëí¿JÔ"Ê�Ý�ä�ä�ß#ÊaÄ�Ê�Ô"Ò8Ñ

Mm(r) =
4π

3

(

%m +
3pm

c2

)

r3,
Ö »O$n� Ü

Mr(r) =
4π

3
2%rr

3,
Ö »O$�; Ü

Mv(r) = −4π

3
2%vr

3.
Ö »O$�� Ü
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q =
1
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Ω

(
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%c2

)
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Ω, p, %
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Ω0 = Ω(m)0 = 1, Ωv = 0, q0 = 0.5.
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Ω0 ≈ 1, Ωm ≈ 0.3, Ωv ≈ 0.7, q0 ≈ −0.6 .
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